
M A T E M A T M K A  

B H ~ c T o R I ~ ~ ~ ~  pa60l.e IIPUBOHRTCR K O O P w H a T b I  y3JIOB U B e C a  UHBapI laHTHbIX OT- 

HOCUTenbHO I 'pyl lIIbI  O K T a 3 n p a  C U H ~ e p c U e f i  K B a n p a T y p  41-, 47- li 53-r0 n O p R n K a  &JIR 

~ p e x M e p H 0 f i  c @ e p b 1 .  

B pa6o~e [ I ]  C.n. C O ~ O J I ~ B ~ I M  6bUl rIpe&JIOXeH H O B ~ I ~ ~  IIOnXOp. K IIOCTpOeHUKl UH- 

BaPUaHTHbIX OTHOCUTenbHO H ~ K O T O P O ~ ~  r p Y I I n b I  ~ p a w e ~ k l f i  C ~ B a ~ p a T y p H ~ f i  @ 0 p ~ y n b 1 :  

6b1n0 n O K a 3 a H O  ( T ~ O P ~ M ~  I), YTO JlJIR nOCTpOeHUR W H B ~ P H ~ H T H O ~ ~  K B a n p a T y p b I ,  T O Y H O ~ ~  

R n R  BCeX @ Y H K I U ~ ~ ~  A 3  KOHeYHOMePHOrO BeKTOpHOI'O I I P ~ ~ ~ P a ~ d ~ ~ a  \k, UHBapHaHTHOrO 

OTHOCUTenbHO r p y I I n b I  G ,  ~ e o 6 x o p , n ~ o  U nOCTaTOYH0,  Y ~ 0 6 b 1  U C K O M a R  K B a R p a T Y p a  6 b 1 n a  

TOYHa RJIH BCeX HHBapUaHTHbIX OTHOCUTenbHO G @ Y H K W ~ ~ ,  0 6 p a 3 p u m  nOjT,IIPOCTpaHCTBO 

@ 5 '$' ( C M .  T a K X e  [2]). ~ O C K O J I ~ K Y  p a 3 M e p H O C T b  @, K a K  I I p a B U n O ,  3 H a l M T e n b H O  MeHb-  

IlIe pa3MepHOCTU \Er, TO 3 a A a X l  IIOCTpOeHUR U H B ~ ~ U ~ H T H O ~ ~  K B a n p a T Y p b I  C m e C T B e H H O  

0 6 n e r s a e ~ c ~ .  
B [3] 3TOT n O A X O R  6b1n pa3BUT ,lJJlR lTOCTpOeHUR UHBaPUaHTHbIX OTHOCHTenbHO 

r p y n n b I  o ~ ~ a 3 p . p a  c u ~ ~ e p c u e f i  G t  K s a n p a T y p  T n n a  raycca-Map~osa ~ , J I R  ~ p e x ~ e p ~ o i i  
c @ e p b l  S B R3(x, y, z). 3a n p O C T p a H C T B 0  '$ 6b1no B 3 R T a  IIpOCTpaHCTBO, 0 6 p a 3 0 ~ a ~ ~ o e  

CJIeAaMU Ha S M H O r O W e H O B  OT (x, y, Z) CTeIIeHU H e  BbI I l Ie  n, a 3 a  lTOjT,IIpOCTpaHCTBO 

@ - CJIeAaMH Ha S MHOrOYJIeHOB COOTBeTCTByHJUUX ~ T e I I e H e f i  OT 0 2  = x2y2 + x Z z Z  + 
+ y2zZ  A U3 = x ~ ~ ~ z ~ .  M H o I ' o Y J I ~ H ~ I  U 2  A 0 3  B M e C T e  C U 1  = xZ + yZ + z 2  RBJIRHJTCR 06- 
Pa3YIOL4UMU anre6pb1 M H O r O W e H O B  OT (x, J', Z) OTHOCUTenbHO r p y I I I I b I  npeo6pasona- 
~ U f i  C8,. 

T ~ K H M  o 6 p a 3 0 ~ ,  eCJIU HeU3BeCTHbIMU B CUCTeMe y p a ~ ~ e ~ ~ l f i ,  OIIpeneJIRHJLUUMU na- 
P a M e T p b I  K B a p a T y p b I ,  CYUTaTb (Pk ,  ( S z k ,  u J k )  - B e C a  U 3HaYeHEFII 0 2 ,  0 3  B ( H ~ U ~ B ~ C T -  

H ~ I X )  y 3 n a X  K B m p a T y p b I ,  T O  H a p R n y  C Y M e H b U e H H e M  KOJIUYeCTBa y p a ~ ~ e ~ ~ f i  B I I O A n e -  

x a u e l  p e r u e H n m  ~ e n m e k o f i  M O M ~ H T H O ~ ~  C u c T e M e  OT p y x  n e p e M e H H b I x  ~ H ~ Y H T ~ J E H O  

I I O H ~ H T C ~  u ee a n r e 6 p m e c ~ u f i  n o p x n o l c .  

S ~ ~ H C  B nPOCTpaHCTBe @ MOXCHO B b 1 6 p a ~ b  T B K U M ,  Y ~ 0 6 b 1  U C X O m a R  CUCTeMa ypi3B- 

H ~ H H ~  UMeJIa  ~ J I o Y H o - T ~ ~ ~ ~ o J I ~ H ~ I ~ ~  B u n  OTHOCUTenHO OlTpeAeJIeHHbIX r p y I I I I  HeU3BeCTHbIX, 

T .e .  pacnanacb H a  H ~ ~ ~ B U C H M O  p e r u a e M b I e  n o A c u c T e M b 1 .  O T M ~ T I I M ,  YTO K a m p . o e  y p a B H e H u e  

3THX IIOnCUCTeM RBJIReTCR a n r e 6 p a n s e c ~ o f i  C U M M ~ T ~ U Y ~ C K O ~ ~  @ y H ~ U I i e f i  r p y n I I b 1  HeU3- 

I I e c T H b I x  ( P k ,  0 2  k ,  0 3  k ) .  C O O T B ~ T C T B ~ I O U ~  npouenypa nonpo6~o OIIUCaHa B [3], U OHa 

O Y e B H m b I M  0 6 p a 3 0 ~  I I p H M e H H M a  AJIR I IOnYYeHUR K B a n P a T Y P  T u n a  r a y c ~ a - M a p ~ ~ ~ a ,  
K O r n a  S e C T b  c@epa U n U  0 6 n a c ~ b  B Rm, m > 2,  I iHBapUaHTHaR OTHOCHTenbHO r p y I I I I b I  

o K T a s n p a  c u ~ ~ e p c u e i i  (~orna  c n e W e T  n o n o n u i T b  0 ,  = Ex:, a,, = Z xixi, . .-. , u, = 
i # j  

= IIxT) nnu npyrux rpynn ~ p a w e m f i .  

H a 3 o ~ e ~  ll 0 p R n K 0 M K B a p a T y p bI H a U B b I C U y H ,  C T e n e H b  M H O r O W e H O B ,  

KOTOPbIe  TOYHO UHTeTPUPYHJTCR A ~ H H O ~ ~  ~ ~ a p . p a ~ y p 0 f i .  a0 H a C T O R u e r O  B p e M e H H  OnUCaH- 



HbIM MeTOROM W H  c@epbI B R 3  6bVIU IIOCTpOeHbI K B a a p a T y p b I  35-r0 U HeKOTOpbIX HU3- 

mix n o p R A K o B  [3-51. B npewarae~oi i  pa6o~e n p m o R f l T c R  K o o p m H a T b I  Y ~ O B  N B e c a  

UHBapUaHTHbIX OTHOCUTenbHO rPYnI Ib I  OKTa3Apa C UHBepcUefi C'I; K B a R p a T y p  41-, 47- U 

53-r0 nOpflAKOB. 

B B ~ A ~ M  H ~ O ~ X O & K M ~ I ~  0 6 0 3 H a 4 e H U R.  ~ Y C T ~  B TpeXMepHOM e B K n m O B O M  

IIpOCTpaHCTBe R3(x, Y ,  2 )  3 a n a H a  c@epa S :  x2 + y2  + z 2  = 1 U B ~ H C ~ H H ~ I ~  B S O K T a 3 g p  

C B e p m i H a M U  H a  OCHX K O O p m H a T .  I I y c ~ b  

r A e  K O O P m H a T b I  TO4eK r p y n I I  A 1 ,  A?,  A 3 ,  B, C, D UMeIOT BMA 

A , :  ( + 1 , 0 , 0 ) ,  ( 0 , + 1 , 0 ) .  ( 0 , 0 , f 1 ) ;  

A 2 :  (? 2-'I2 9 - + 2-'I2, o), (+ 2-'I2, 0 ,  k 2-'12), (0, f 2 - ' I2 , ,  2-'I2); 
A , :  (* 3-113, + 3-112, + 3-112); 

B: ( f l k ,  f rnk, f lk),  (fink, +Ik ,  f l k ) ,  ( f l k ,  f lk ,  +rnk), 
lk = 2-112(1 - '12. 



r p  y nna C 

- - - - - - - - --- 

r p y n n a  B 

r p y n n a  D 

2 112 (f 4k, 0, * rk), (f rk, 0, f 4k), rk = (1 - qk)  ; 
D: (f uk f Vk, f wk), (f uk,  f wk, f vk), (f vk, f uk,  * wk), 
(f vk, f wk,  f uk), (f wk,  f uk,  f vk), (f wk,  f Vk, f uk) .  

b U I 0  TOWK Nf ,  i = 1, 2, 3, B I'pynnaX B, C, D B ~ I ~ K ~ ~ ~ T C H  TaK, 9~06bl  06uee 
WCJIO HeH3BeCTHbIX B noJIysaeM0fi CHCTeMe ypa~~eHHfi 6bmo paBH0 WUIy ypaB~eHHfi. 
T a ~ , m ~ n =  12m + 5 , m =  1 , 2 , .  . , : N 1  = 3 m , N 2  = m , N 3 = m ( m - 1 ) , ~ ~ ~ s a n p a ~ -  
py He cnenyeT BKJIIOWT~ T O ~ K H  rpynnb~ A 2 ,  N p ~ a n b ~ o  nonararr A2 - 0; WIR n = 
= 12m + 11 : N1 = 3m + 1, N2 = m, N3 = m2 (CM. [3]). &Is KBanpaTyp YKa3WbIX BbILUe 
nOpRAKOB H BeJIWH Nf BO3MOXCHa IIPaBHnbHaR, IIOYTH PaBHOMepHaR TpHaHI'yJIwR 
c4epb1 (CM. [ I ]  ) a B [3] Ha ocaoBamm pacseToa ~ J I R  n = 23 6bma ~ b r c ~ a 3 a ~ a  rrino~esa, 
nonTsepwmaRca s a ~ e ~  s nps pacseTax m a  n = 29; 35 (CM. [4, 51 ) , s ~ o  KsanpaTypbI 
3THX nOPRAfCOB CYlUeCTBYIOT, HX Y3JIbI IIpaBHJIbHO TpHaHLHTYJIHPYmT caepy H BeCa BbIpaB- 

Bk k lk I mk 



rp  ynna C 

H e m  A n o n o m T e n b H b I .  3 ~ a  rano~esa n o n T s e p x n a e T c R  T a K x e  u p e z i y n b ~ a ~ a r n  HacToR-  

mefi p a 6 o ~ b r  (Ha psc. 1 n p e R c T a n n e a o  pacnonoxeme y 3 n o ~  K s a n p a T y p b I  53-ro nopama) . 
B TO Xe B p e M R  K B a n p a T y p b I  IIpOMeKyTOqHblX lTOpRnKOB MOrYT UMeTb OTPU4aTeJIbHbIB 

BeCa (n = 25; 27, CM. [4]). ~ T U M  O ~ % R C H ~ ~ ~ T C H ,  IIOYeMy MbI UCKaJIU KBaRpaTypbI  41-, 
47- U 53-r0 I I O p R m O B .  

',&IR H a w x  3~asemii n c u c T e M a  p a c n a n a e T c x  H a  me n o n c n c T e M b I  AB H CD (B 
TepMUHOnOrUU [3]). ~ O ~ C U C T ~ M ~  AB RBJIReTCR M O M ~ H T H O ~ ~  C H C T ~ M O ~ ~  OT 0 ~ 0 f i  IIepe-  

M ~ H H O ~  H peLuaeTCR U3BeCTHbIM IIpRMbIM MeTOROM (CM. [3]). ~ O ~ C H C T ~ M ~  CD RBJIReT- 

CR M O M ~ H T H O ~ ~  C H C T ~ M O ~ ~  OT W Y X  IIepeMeHHbIX 0, U 0 3 ,  U Mbl  PeLLWIU ee UTepalMOHHbIM 

MeTOROM T u n a  H ~ W T O H ~ .  
Onwrue~ B K p a w e  pacqeTb1, n p o B o m B m e c a  Ha  3BM "3nb6pyc -2" ,  ~ ~ e m m e i i  

MaHTUCCY AJ IHHo~~  34 ReCRTW4HbIX p a 3 p a R O B  W C e n  C -0fi~0fi TOWOCTbH). ~ O R C U C T ~ -  



-- r p  y nna B 
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OnpeReJIUTb BCe He06~0)JJi~ble BeJlUWHbl, TO OKaXYTCR BblnOnHeHHblMU YCJIOBUR TeO- 

PeMbI 1,113 [6, m. 18, $ 31 (0 CXOWMOCTU MeTORa H ~ H ) T o H ~ ) .  113 3 ~ 0 5  TeOpeMbI TOrRa 
CJIepyeT, B VBCTHOCTN, VTO B OKpeCTHOCTA HafIfleHH0r0 HaMU ~ ~ U ~ J I K X ~ H H O I - 0  peLLIeHHR 

I 

6b1~b fOVHb1 Hak~e~Hble KBaRpaTypbI. O~asaJIocb, qT0 )JJIR BCeX = 41; 47; 53 BeJlUW- 

Ha en meeT nopRnoK 10 -' '. 
BaJIee B T ~ ~ J I .  1-3 mff KBaRpaTYp 41-, 47- U 53-r0 nOpR)J,KOB npEIBeReHb1 3Ha'fe- 

Huff BeCOB A 1 ,  -42, A3 ki KOOpWHaTbI 06pa3ym1l~x Y3lIOB U COOTBeTCTBYIOUHe UM BeCa 

no rpynnaM: B rpynne B - (Ik,  mk, Bk), B rpynne C - (qk, rkr  Ck), B rpynne D - 
(uk> Vk, wk, Dk) - 

B ~ a 6 n .  4 pacnononcesbl: a e n m s a  N - o6mee wcno y 3 n o ~  KsanpaTypbI, senw 
WHa 77 = (n + 1) / 3 ~ ,  XapaKTepU3yIOIIJaR KaVeCTBO KBaRpaTypbI [3] . 

ABTOP~I npw3~a~ena~b1  C.A. c h i ~ o r e ~ o ~ y  3a ~ o r n @ m ~ a ~ g i a  naKera rpa@mec~nx 
nporpaMM w nocTpoeHHe pscyarca. 
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