PHYSICS OF PLASMAS VOLUME 5, NUMBER 2 FEBRUARY 1998

Self-similar implosions and explosions of radiatively cooling
gaseous masses

Mikhail Basko® and Masakatsu Murakami
Institute of Laser Engineering, Osaka University, Suita, Osaka 565, Japan

(Received 1 May 1997; accepted 12 November 1997

A self-similar solution of the gas dynamics equations with heat conduction, which describes
homologous contraction and expansion of gaseous masses with a free external boundary, is
investigated in detail. As a primary application, implosion of deuterium—tritiDif) fuel in inertial
confinement fusion targets is considered. For strongly non-adiabatic implosions the self-similar
solution predicts that the flow pattern should approach an asymptotical regime in which it ceases to
depend on the initial entropy. For DT masses relevant to inertial confinement f(i€iBn this

regime begins to dominate atJ;,,=6x 10® cm/s, wherer= P/pgegis the fuel isentrope parameter,

and U, is its implosion velocity. The solution has also a branch which describes an asymptotical
regime of explosive expansion after an ultra-fast initial heating to a strongly radiating state.
© 1998 American Institute of Physid$$1070-664X98)02202-2

I. INTRODUCTION has eluded proper attention in the literature and appears to
have been introduced for the first time in the recent publica-
Self-similar solutions play an important role in many tjons by one of the authof€!® Here we expand the results
branches of physics, and especially in the physics of hydropt Ref. 13 and carry out a comprehensive mathematical
dynamic phenoment’ In many situations of practical inter- analysis of this solution, and clarify the physical meaning
est, they greatly facilitate qualitative and parametric analysigng interpretation of its key parameters and different
of complex hydrodynamic flows and provide useful scalingpranches. We demonstrate that this solution can be applied to
relationships. Also, they often represent asymptotical flowhe investigation of the effect of radiative cooling on the
regimes approached by a whole family of hydrodynamic SOimplosion dynamics of deuterium—tritiugDT) masses with
lutions after the information about certain aspects of the ini4 quasi-uniform(as in the volume ignition and fast ignitor
tial state is “forgotten.” schemes of ICFentropy distribution, as well as to describe
Among a large variety of self-similar solutions of the ragiative explosions of very rapidly heatéas, for example,
hydrodynamic equations, those which include heat conduGyth femtosecond laser pulsesarticles of matter.
tion are relatively few’ For this reason alone they attract The structure of the paper is as follows. In Sec. Il the
special attention, and especially so if they find an applicationseparation ansatz and similarity variables are introduced for
to practical problems. A good example is the Pakula—Sigejhe pasic fluid equations. Spatial profiles of the main thermo-
solutiorf for a planar ablation wave driven by radiative heatdynamic variables and hydrodynamic stability are discussed
conduction, which is widely applied to analyze X-ray hohl-j, sec. |11, Section IV is devoted to the analysis of the im-
raums in the indirect drive approach to inertial confinementp|osiOn solutions, with the application to implosion of the
fusion (ICF).°~® One more example is provided by the self- pT fyel in ICF targets. Section V contains results for solu-
similar solutions obtained in Refs. 9—11, which allow one totjgns which describe an asymptotical regime of radiative ex-

investigate the effect of heat conduction on the propagatiop|ssjon after instantaneous heating to a very high tempera-
of blast waves in an ambient gas with power-law initial den-y,re |n Sec. VI the main results are summarized.

sity profiles. Of particular interest to ICF is the solution of

Refs. 10, 11, which—due to the unique properties ofithe || g5 a2 ATION ANSATZ FOR THE HYDRODYNAMIC

density profile—can incorporate in addition to heat conduc-

: e EQUATIONS

tion also the kinetics of thermonuclear burn and the energy

transport by fast-particles. We start with the one-dimensional hydrodynamic equa-
In this paper we present another type of self-similar sotions,

lution with heat conduction relevant to ICF. As contrasted to p

those of Refs. 9-11, our solu'Fio_n describes hydrodynamic P, — —(pur%)=0, (1)

contraction(or expansioh of a finite gaseous mass with a gt ysor

free boundary which suffers energy losses by radiative heat au u 1op

conduction. Despite its mathematical simplicity, this soluton _— . ,—4+ - _¢ 2)
ot ar  por '
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which include the heat conduction term on the right-handeigenvalue problem. The positive sign of the separation con-
side (rhg) of the energy equatiof3). Heres=0, 1, and 2 stant in Eq.(12) means that we intend to investigate the
correspond, respectively, to the planar, cylindrical, andnotions of gaseous masses under zero external pressure. If,
spherical flow patterns. We assume the ideal gas equation afstead, we would choose the minus sign, we would recover
state and choose the unit of temperatlirsuch that the Kidder type solutions for implosions driven by external

T pressure with a certain temporal profifewith the negative
— (4) sign for the separation constant in Ed3), we are looking
y—1 for a positive eigenvalug>0 that would correspond to the

wherep is the pressures is the specific internal energy per Net cooling of the considered mass.
unit mass, and is the adiabatic index. For the heat conduc-
tion coefficientk we assume a power law dependence,

K=K,p "T", (5) lll. SPATIAL PROFILES

p=pT, €=

A. Formulation and solution of the eigenvalue

on the density and temperatur€, with «, , m, andn being problem

constants. With an intention to apply our solution primarily

to the case of radiative heat conduction, we can express Spatial profiles of pressurel(&), and temperature,
1 s Z(§&), are obtained by integrating the spatial components of

k= FosgdrT”, 6)  Egs.(12) and(13),

where 11 (

Z—+¢I1=0, 143

le=1,p~ T3 (7) dg ¢

is the Rosseland mean free pathgg is the Stefan— d Szern dz .

Boltzmann constant, ang = 3«, /ogg is a constant. dz £ o dg +B&II=0, (14b

We are looking for a solution of Eq§l)—(3) in the form
which comprise a third-order system of ordinary differential

def equations, and for which there are three obvious boundary

u=£R(b), gzm, ®  Conditions:
pP=p(DIL(E), ©) M0)=1, z(0)=1, d(zj—(go)=0. (15)
T=T.()Z(&), (10

_ _ o . To be able to determine a unique value of paramgtewe
which belongs to a wide class of self-similar flows with ve- neeq a fourth boundary condition, which is less obvious and
locity u being proportional to radius. A dot overR indi- requires some additional justification.
cates the time derivative. The self-similar varialleés a = Fjrst of all note that, as can be immediately ascertained
Lagrangian coordinate associated with the mass of the ﬂ“'doy straightforward integration of E¢14b), the energy flux at

for any fixed value of the fluid mass within the interval 0 e outer boundarg= &, of our gaseous mass, proportional
<r=¢{R(t) is conserved. We assume that the eigenfunctiong, _ 7n+ "I-™(dZ/dE)| ., is always positive fop>0. If
= ll .

I1(£) andZ(&) are normalized tdI(0)=1,Z(0)=1, so that
pc(t) and T.(t) are, respectively, the central pressure an
temperature at=0.

By virtue of the ansat£8)—(10), the original equations
(1)—(3) are reduced to

OEhis boundary is free, the physical mechanism of practical
interest by which the energy could escape the gas is thermal
radiation. An appropriate boundary condition for radiative
losses from a free boundary in the conduction approximation

would be
pCRS+l: M* , (11) &T
. —K— :ZO-SBTA
RR  Z dH_1 12 ar
C i . y . i . y
T &Il dé (for more details see Sec. 15, Chap. Il in Ref. Rowever
] 1o in view of our separation ansatz1)—(13), the latter would
1 E+(S+ HR pc R imply that the produc? *R™S*Y~1 must be constant in
vy—1T, R| «,T0 time, which cannot be satisfig@t least not for the general
choice ofs, m, n, andvy values. Hence, we adopt a simpler
1 d SZm+n dz version of this boundary conditiofwhich is practically no
= £T1 dé nm dé =Tk (13 |ess accurate in the limit of large optical thicknelg setting

the boundary temperature equal to zero. In combination with
wherep(t) =p.(t)/T.(t), andM, is a constant. Having the the definition of the outer boundary as a position where the
separation constant in E(L2) set equal to unity means no density vanishes, we end up with two additional conditions:
loss of generality because this can always be achieved by a . _
proper normalization oR and £. But then the interval 0 (£ =2(£)=0, (16)
<¢<<¢) of ¢ variation is to be determined by solving the to determine the values @f and 8.
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TABLE I. Principal parameters of the eigenvalue problem. freedom is eliminated by the additional equatiddb) with
A - - P : the boundary condition&l5) and (16). As a result, we cal-
! Ye culate unigue profiles of the thermodynamic functions.
2 2 4 1.2713998 2.2930 1735508 Clearly, these same profiles can be used in the adiabatic limit
2 2 5 1.0915617 2.4813 1571966 [recovered formally from Eq(13) by putting «, =0] as
2 2 6.5 0.90050252 2.7415 1428018
2 1 4 0.91052410 2.8498 1.435767 :
2 1 5 0.76166482 3.1353 1.340282
2 1 6.5 0.61167599 3.5263 1.256111 B. Hydrodynamic stability
1 2 6.5 0.57582596 2.7835 1.404323 i _ i
0 2 6.5 0.26874812 2.8388 1.367518 With the pressure and density profiles known, we can

address the issue of hydrodynamic stability. As it is seen
from Eq.(12), the acceleration of all fluid elements is always
positive, i.e. directed away from the center. Since the density
Note that in the previous publicatiorfs3the separation gradient(see Fig. 1 is everywhere negative, no Rayleigh—
constantB (c,, in notation of Refs. 12, J3was treated as a Taylor type (heavy fluid on top of light fluidl instability is
free parameter. For the case of the thermonuclear spark coanticipated. However, a convective instability—similar to
sidered in Ref. 12, this was justified by the presence of anhat occurs in stellar interiof3—is still possible. The
outer cold gas layer. The value @f chosen in Ref. 13 to Schwarzschild criterion for stability with respect to small
represent the implosion of a DT sphere with a free boundarpdiabatic perturbationrequires the specific entropy
is actually very close to the one calculated with the boundary
condition (16). — Lm T—1Inp= Lm L (17)
In Appendix A it is shown that the eigenvalue problem y—1 y=1 p7
(14)—(16) always has a solution with finite and positive val-
ues of 8 and ¢4, provided thatm>0 andn>0. The asymp-
totical behavior ofl1(£&) andZ (&) for é— &, is given by Egs.

(A4). The values ofg and ¢; calculated for certain combi- . .
nations ofs, m, andn are listed in Table I. Figure 1 displays dependent of, while the entropy gradient depends pnAs

; . . a consequence, our solution is always stable for large enough
the normalized profiles of the pressure, temperature, den&% and may become convectively unstable fovalues close
and specific entropyas defined by Eq(17) below] for a '

herical masss=2) with the inverse bremsstrahlund opac to unity. A closer examination reveals that the Schwarzschild
spher . SS=2) wi INVers SStraniung opac- . iierion is first violated near the center. Then, by expanding
ity mechanism (h=2, n=13/2).

A question of interest is the relation of the above eigen—H(g) andZ(¢) nearg=0, we find the critical value of the

value problem to the adiabatic limit, when the rhs of theadlaIbatIC index,
energy equatio3) is identically zero. This is not equivalent ( B
Ye=

to increase monotonically upward, i.e., against the gravity or
in the direction of acceleration.
In our case the temperature and density profiles are in-

-1

to simply putting8=0 because the equatigb4b) should be N (18)

s+1
omitted altogether in this case, i.e., we are left with one, . . . L
equation (149 for the two unknown functiondl(£) and (listed in Table | together wltlﬁ). For y> vy, our solution is
7(¢). The latter reflects a well-known fadsee Sec. 29, stable. Fory<vy. a convectively unstable core may develop

Chap. | in Ref. 2that in the adiabatic case one profile func- in the center. A more definite answer in this latter case re-
tion can be chosen arbitrarily. In the non-adiabatic case, thigu'res that a proper ?‘CCOU”‘ is taken of @E‘b"'z'”@ effect
of the heat conduction on the perturbation growth. Table |

shows that the case of=5/3, for which theh profile is
plotted in Fig. 1, is stable for the, m, n combinations of

practical interest.
? ; IV. IMPLOSION TYPE SOLUTIONS
'“g — A. Equations governing the temporal evolution
§ _ One of the most obvious applications for our self-similar
‘T 3 solution is the final stage of implosion of a spherical DT
£ E . S
5 E mass in an ICF targét In the volume ignition mode, when
3 a DT mass with a more or less uniform entropy distribution
] is compressed tgor)=1 g/cn?, the dominant mechanism of
_ 3.0 energy loss is by means of thermal radiattbmt® The opac-
£ ity mechanism is that of the inverse bremsstrahlung in a
hydrogen plasma—which corresponds tb=2 and n
FIG. 1. Normalized spatial profiles of pressyredensityp, temperaturd’, =13/2 in Eq. (7)2—With a possible contribution from the

and specific entropy as obtained by solving numerically the eigenvalue : o
problem (14)—(16) for the basic sef19) of geometry and material param- Compton scattering. Also, for the volume ignition mode to

eters. Dashed curves show the approximate formiAge plotted with the D€ practical, the _Rosseland_ opt_ical_ t_hickness of the_ DT_ mass
value of ¢, taken from Table I. must exceed unity$'*®19which justifies the approximation
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TABLE Il. Structural integrals for spatial profiles. : -1 1
RO R0 (1) 28
v=—, =| —— y o= .
s m n o I I, I, u_ R(t) S_
2 2 4 1.094557  0.680837  1.319248  1.203859 Here R, is the value ofR(t) at maximum compressiort (
2 2 5 1.113424  0.731439  1.309899  1.345360 _ ; ; —0) : : —
2 2 6.5 1134499 0792660  1.299958  1.562321 . ?) of the ad;l‘b%'c K (;J% |m|cI)Iosr|]9n with the szme n
2 1 4 1135744 0.797608  1.209793  1.55252g Ual parametersd, U_, and2_ . In this way, a ready com-
2 1 5 1.152661  0.850547 1.292201  1.805573 parison can be made with the simple adiabatic case. By in-
2 1 6.5 1.170509  0.910353  1.284547  2.214068 tegrating the temporal components of E@$1)—(13) for
1 2 6.5 0999965 0782785  1.298025 1504128 x =0, we find
0 2 6.5  1.295175  1.145140 1.295175  1.430228
2 1
Tao=aUZ, a=j3(y—1)(s+1), 27
ay? | U0
i . . Pao=|~<— , (28
of radiative heat conduction assumed in E8). All these 3
pon5|d¢rat_|ons are (_equ.ally apphcable. to_ _the final stage of Wy—1)11/(s+1)
implosion in the fast ignitor scheme of ignitidAwhere only Ro—| M 3 (29
the final temperature of the DT fuel would be lower than in 2001 qu? ’

the case of volume ignition. Orienting ourselves to the situ-

ation described above, we adopt the set of parameters ~ WhereT,, andp,, are, respectively, the adiabatic values of
5 the central temperatufE, and densityp, at stagnation. With

Y=s (19) this normalization, the equations governing the temporal

as a central case for numerical estimates and practical foevolution can be written as

mulae given below.

s=2, m=2, n=%,

In accord with the logic of self-similar approach, we d_v:_iz, (303
neglect the complexities of the initial phase of implosion in dx 2v
realistic ICF schemes and adopt an idealized formulation of 4 =~ 1 n+1
the problem: the initial conditions are defined in the limit of Ve 5)\ 5 X"l (30b
t— —o, whenR(t)— andR(t)<0 [time t=0 is the mo-
ment of stagnation wheR(0)=0]. Then, the initial state of Where
the imploding gas is fully specified by the values of its mass, \=Bk, (y—1)a"r-ly2n-2r-lyv M;l/(s+1) (31)
M=(4m)sluM. . (20 is a dimensionless constant characterizing the degree of non-
initial energy, adiabacity, and
E_= lim E(t)=3(4m)((s+1)IgM, U2, (21) 1 s
t——oo v= ﬁ m+ m >0. (32
and entropy parameter, Clearly, for A<1 the implosion is quasi-adiabatic, and for
_ def p.(t) A>1 it is strongly non-adiabatic.
X_=lim 2(t), ()= ——. (22) The x,v-plane can be viewed as a phase plane of the
tooe pe(V) dynamic system described by the temporal components of
Here Egs.(12) and(13). In contrast taR andt, bothx andv vary
o within finite limits over the entire process of implosion and
U_=—lim R(t), (23)  subsequent expansion frot= —= to t=+%. Equations
A (300 should be integrated with the boundary conditions
Iy andly are dimensionless integrals, v(0)=—1 anda(0)=1. As can be inferred from E¢30b),
all £ the latter is possible only if the integrﬁ[‘)ox”*”*l dx con-
Iy= fo ng d¢, Ip= jo I1& dé, (24 verges at the lower limit, i.e., wher> v. Below we consider

calculated in the process of integrating E@sl) and listed in
Table II, and

1, s=0,
(4’77)5: 27T| S:]-! (25)
4, sS=2.

To explore the general properties of the non-adiabatic

implosions, it is convenient to normalize the main dimen-
sional variables in the temporal components of E44)—
(13) with respect to the adiabatic limit by introducing

Downloaded 27 Jun 2009 to 140.181.70.110. Redistribution subject to AIP

only such combinations of, m, n, andy which satisfy this
restriction.

Finally, becausey(x) and o(x) are not single-valued
functions, it is convenient to choose the dimensionless veloc-
ity v as an independent variable and rewrite the syg&on
as

dx

v
o (333
dO’ nyn—v—1
52—7\ g X , (33b)

license or copyright; see http://pop.aip.org/pop/copyright.jsp



522 Phys. Plasmas, Vol. 5, No. 2, February 1998 M. Basko and M. Murakami
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FIG. 2. Integral curves for the syste83) calculated with the basic s&t9) FIG. 3. Normalized temperaturex, total energyp?+ ox, and the Rosse-

of geometry and material parameters for four different values of the noniand optical thicknessr, along the integral curves shown in Fig. 2. Each
adiabacity parametev. Each curve is marked by the correspondingalue. curve is marked by the correspondingvalue. Ther/ 7., curves forn=1
have been scaled by different factors to have minima around 1.

with the boundary conditions changing to
and the(pr) parameteran important characteristic for the
x(-1)=0, o(-1)=1. (34) inertial confinement of the thermonuclear fyel

def

B. General properties R&; )
(Pr>(t)=Jo p(t,r) dr={(pr)ao- xS~V (37

The main question we want to address is how do the
main characteristics of implosion change with the increasing U2 | -1
role of energy loss, i.e., with the increasing valuen@ The (prYao=1 {M (a_)
results of numerical integration of EqR3) for the basic set I RN
of parameterg19) and for four different values ok are ATl
shown in Figs. 2 and 3. Also, very helpful for gaining insight | = f gl dé¢, (39)
into qualitative properties of our solution is a particular case ?Jo Z
of n=v+1, for which Egs.(33) can be integrated analyti-
cally for any\. Explicit formulae for this case are given in

1U(s+1)

, (38

we conclude that, within the applicability of our solution,
radiative cooling can enhance the density andgve of the

Appendix B o . . - imploding configuration by an arbitrarily large factor as
. The adiabatic limith =0 is described by a trivial solu- compared with the adiabatic case. It should be noted that,
tion, once the effects of electron degeneracy are taken into ac-

x=1-v? o=1. (35) count, the density anfpr) at stagnation cannot, of course,

) . ) surpass the values corresponding to the zero isentrope.

We remind thaik= (Rqo/R)? in the particular case af=2, The situation is, however, different for the temperature,
y=5/3 shown in Figs. 2 and 3, whef,; is the minimum
value of R(t) for A=0. As we increase the value af the Te(t)=Tao- 0%, (40

stagnation value,=x(0) of x increases monotonically to
lim,_ .Xg=0c°, while the stagnation valuey=0(0) of o
decreases to lipy,00=0. For a particular case af=v E(t)=3(4m)y(s+1)IgM, U2 - (v?+0oX), 41

+1 this is readily verified with Eq4B1). The general case , ) ) ,
is analyzed in the next subsection. If we invoke now the®f the imploding mass. As the non-adiabacity paramater
expressions for the central density increases, the produot;x,, which represents the normalized

temperature at stagnation, decreases monotonically but ap-
p(t)=pao- XYY, (36)  proaches a finite limit,

and total energy,
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TABLE Ill. Parameters which characterize the radiatively dominated re-C. Radiatively dominated regime
gime.

Because our principal dynamic variablgsand o be-

n v Nrg Srd Urd+ Trgo Uext Text come, respectively, infinitely large and infinitely small near
rd

stagnation of a strongly non-adiabatic implosion, we must

4 2 11310346 0.385914 0.574576 0.828839 1.094982 1.09662 : o
4 3 1254687 0.642857 0.75  0.829827 1.068296 0.97821d'€Normalize Eqs(33) to be able to explore this limit in more
4 35 0.369853 0.798173 0.848117 0.831594 1.051374 0.86301d@letail. Being interested primarily in the parameters at stag-
6.5 3 110.63482 0.379062 0.585515 0.893985 1.073161 1.11697Aation, we introduce
6.5 4  12.828483 0.526498 0.691433 0.894067 1.062664 1.083649
6.5 6 0225866 0.874747 0.906414 0.895187 1.030470 0.921956  _  defy(y) _  defg(yy

X(v)= ——, o(v)= . p=a 7", (45

Xo 0o

and pass to the limit ok —< in Egs.(33) to obtain

0< 5rdd=ef|im ToXo<1. (42) ax__ 2 ve Uy, (469
N oo dv 5rd
d¢

Again, for n=v+1 this fact can be inferred directly from — =
Egs. (B1), while the general case is treated in the next sub- v
section. For the basic s€t9), theox andv?+ ox curves are  with the boundary conditions

plotted in Fig. 3. _ _ _ _

Thus, we arrive at a conclusion that, no matter how x(—1)=0, &(—-1)=0, x(0)=1, ¢(0)=1. (47
strong is the impact of radiative heat conduction on the im-H
plosion dynamics, only a fraction-16,4 (typically on the
order of 50% of the initial energy can be lost by this mecha-

(N=1)A\gohg * X778, (46b)

ere we have assumed for simplicity that-1 and intro-
duced a dimensionless constant,

nism. Accordingly, radiative losses can reduce the central def A

temperature at stagnatiofi,(0), by only a finite factors,q Ag= lim (—V) (48)

as compared to its adiabatic value for the same initial state. =l Xg

Note that this fact has already been recognized in the preceethe definition ofs,4 is given in Eq.(42).

ing publication:® The exact values of théy factor calcu- The four boundary conditiongt7) allow us to integrate

lated for a selection afi and v values are given in Table Ill.  the two first-order equation@6) and to determine the two
When we compare the curves in Fig. 2 with the”>  «gigenvalues” 5,4 and\,q. The asymptotical behavior,

+ox curves in Fig. 3, we see that, whereas most of the U "

initial entropy in the case ok>1 is lost relatively early Xo| :(L ol -5 M) (49)

(well before the stagnationthe main portion of the energy O=2"\Npg) OfA—ee ™ Frd] -\ '

loss oceurs just prior to the stagnation, Wif)=<2R(0). e by Egs.(42) and(48), is actually established by the

This is explained by a simple fact that at early times0, . i
s . _ fact that the eigenvalue proble6), (47) has a unique so-
when R(t)>R(0), thethermal energy is only a small frac lution with 0<X,q,8,4<% (and 8,4=<1). The latter can be

tion of the total energy. Hence, a significant reduction of theproven analytically and is easy to verify numerically for

thermal energy at this stage would imply a significant de- . : ;
crease of the entropy but very little change in the total en->V andn>1. By integrating Eqs(46) further into they

ergy. >0 domain, we calculate,q, ando,q- defined’iun Eq(44).
Thev >0 branch of the integral curves in Figs. 2 and 3 Table Il lists the values ok, &;q, Ui+, andog, for a
corresponds to the expansion after a bounag=a0 (t=0).  Selection ofn,v pairs.

The effects of non-adiabacity are always relatively mild at ~ Equations(45—(47) describe a particular case of our
this Stage for any value of. Since part of the initial energy self-similar solution which Corresponds to the asymptotical
has been lost, the integral curves terminate at a velocity #egime of strongly non-adiabatic implosions. We call it a

<v ., <1 defined by the condition radiatively dominated regime because the energy is assumed
to be lost by radiation. For the particular di9) of the
X(vy)=0, v,>0. (43) matter and geometry parameters this solution is plotted in

Fig. 4. It corresponds to the critical value of the parameter
As A—®©, the values Oi)Jr and of the ratiOO'(U+)/O'0 ap- Ca:O409871 in Ref. 13. When= v+ 1, Eqs(46) admit an
proach finite limits, analytical solution given in Appendix B.
A radiatively dominatedRD) regime sets in whenever
def def the initial conditions stipulate that the timescale for the en-
Vg = liMv,,  opg, = lim (44)  tropy loss(as evaluated along the adiabatic trajectoisy
A—oo A—w 00 much shorter than the hydrodynamic timescale. Then, the
imploding mass loses most of its initial entropy before com-
The numerical values of these two quantities are also listethg to a halt. As a result, the information about the initial
in Table III. entropy is essentially “forgotten,” and the implosion pro-

a(vy)
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FIG. 4. Integral curves for the systef6) of the radiatively dominated
regime calculated with the basic 94819 of geometry and material param-
eters.

ceeds as if having started from the infinite initial entropy.
This is illustrated by ther curve in Fig. 4. Note that, al-
though the peak of the central temperatitee ox/ 4
curve occurs before(at v=-0.13) the very moment of

M. Basko and M. Murakami

def rR¢
T= fo 1|,;l dr=r1,- 03 ™3 "e=1, (53
Here
T Vi aI1™ d¢
Tag= T o, T=J p— (54
Lo (au2)n-3-w3# 0 Zmn-3
m(s+1)—1 1 =5

SN C EE DR

In a quasi-adiabatic implosionr=7(v) is minimum at
stagnation—as is illustrated with thér,, curve forn=0 in
Fig. 3—provided thain>3+ u (for y=5/3 the latter in-
equality, n>v»+3/2, is more restrictive than the condition
n> v assumed throughout this sectioklence, it is sufficient
to verify that7(0)=r7,0=1.

For strongly non-adiabatic implosions the situation is
more complicated because, as the value dhcreases, the
minimum of 7(v) shifts to negativey, i.e., to earlier times
before the stagnatiofsee Fig. 3. In the asymptotical limit of
the RD regime,

3-ny

X 3—-n+u

(56)

is a monotonically increasing function af (see Fig. 4
Hence, the condition

I 75r3d_n[
a(2mfn)(s+ 1)+3s+ 1M .

(V) =Trg T(V)=Trg- T

Bry(y—1)

T(O)ETrd: )\ d
r

) ms+m—1

|

1/(ms+m-+s)

=1

x U(2n—5m)(s+ 1)—6s—1

(57)

stagnation, the kinetic energy by that time is already negli-

gibly small.

As might be expected, the stagnation parameters in th
RD regime do not depend on the initial entropy and are
fully determined by the mass and initial velociiyr, equiva-
lently, initial energy of the imploding configuration. Substi-
tuting asymptotical expressioi49) into Eqgs.(36), (37), and
(40), we calculate the central temperatdrg , densityp,q,
and confinement parametépr),y at stagnation in the RD
regime,

Tia=61aTa0= 5raU2, (50)
_ —1\ (s+1)/(mstm+s)
Bk, (y—1)an-tuz!

Prd: u 1(s+1 1 (51)

)\rdM*(S )

K -1 an—l s/(ms+m+s)
<pr>rd=lp(—’3 *”Md) VRV

(52)

D. Adequacy of the heat conduction approximation

Applicability of the heat conduction approximation to
describe radiative energy losses requires that the Rossela
optical thickness,
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is weaker than inequality53) and does not guarantee the
gpplicability of the RD solution to the entire process of im-
plosion for very large\. If, for example, we would like to
apply it to theA=100 case in Fig. 3, we would have to
require 7(0)>5 in order to haver(v)>1 over the entire
range —1<v<wv, . Hence, inequality57) should be con-
sidered as only a necessary condition for applicability of the
RD solution, and, unless,4>1, the conclusions obtained
should be checked with a more adequate model for radiative
cooling.

E. Application to ICF

A conventional approach to ICF relies on a spherical
implosion of 0.1-10 mg of DT fuel to achieve high compres-
sion needed for thermonuclear ignitibtWe can apply the
present self-similar solution to investigate the effect of radia-
tive cooling on the implosion dynamics of fuel configura-
tions which have no hot spot in the center and, therefore,
would be appropriate for the volume ignition and the com-
pression stage of the fast ignitor schemes of ICF.

Following the conventional parametrization of ICF im-
plosions, we introduce the implosion veloclty,, defined by

nd
(58

E_=iMU?

m?
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. . FIG. 6. Confinement parameter at stagnation versus initial value of the
Ecl)(rz;-vi.rgj(:sc;er:;ggovnal\;:%:iy?g rleg;]rl]c;hg; ch‘I‘?<pr> parameter at stagna- entropy par_ametea for two _va_Iues of t_he irr_lplosion velocity for 1 mg of
) DT. Predictions of the self-similar solutigsolid curve$ are compared with
the one-dimensional hydrodynamic simulatiqgbsack dot$. The adiabatic
and the RD limits are shown as the oblique and horizontal dashed lines.

whereE _ is the initial total energy of the imploding fuel of
massM. The fuel entropy is characterized by the dimension-

less compressibility parameter, mass in mg, andl;, ; is the implosion velocity in 16cmis.
Note that, although the self-similar solution does not account
d_ef —10-13 ABBs for the effects of electron degeneracy in the equation of state,

a- pdeg_lo ATZ, (59 the limit of adiabatic implosion of a partiallfor fully) de-

O3 /A58 | _ generate configuration is still rigorously recovered from it
wherepgeq=10"(p/A)"" is the Fermi pressure of degener- yrqyided that thex values are restricted ta=1) because

ate electrons, ang, p, andX are in the CGS units. Below o non.relativistic Boltzmann and Fermi electrons both have
we use thea value corresponding to the center of the im- iha same adiabatic index of=5/3.

ploding mass. All practical formulae in this subsection are
given for a fully ionized arbitrary mixture of hydrogen iso- o
topes with the mean atomic mass(for the equimolar DT (pr)ra [glem?] =1.77x 1072 g~ YA %q’éU?my-

mixture A=2.5). We adopt the basic s&t9) of the geom- (62)

etry and matter parameters and use the following expressiofnd plotted forg:0_4'A_:2_5, Mmg=1, corresponds to the
for the Rosseland mean free path due to the inverseD regime. The self-similar solution predicts that only the
bremsstrahlung, {pr) values in the shaded region between the two cuf®s
_ AT 912 and (62) can be realized at stagnation. Note that in reality,
I [em] =70.68g A% “Tiey- (60) when the effects of electron degeneracy are properly ac-
Here T,y is the temperature in keV, arglis the appropri- counted for, the RD limiting curve should approach the
ately averaged value of the Gaunt factor. For the hydroger1 line only asymptotically.

The second limiting line in Fig. 5, given by the equation

plasma atT=3 keV one calculateg~0.4 in the Elwert If, now, we draw an adiabatic liné61) for any other
approximatiort* To keep track of the opacity scaling, we value of «>1 (as it is illustrated with thex=10 curve in
retain the factoig explicitly in the formulae below. Fig. 5, it will cross the RD line at a point beyond which the

First of all, we apply our solution with a goal to establish adiabatic approximation breaks down. Hence, we obtain the
a boundary in the parameter space which separates the adfatlowing criterion:
batic and non-adiabatic regimes in the final stage of the fuel = 17120 4 112 1"
implosion. To this end, we plot two limiting lines on the aUim 7<144g7°A 4Mm9 :60Mm92|DT' (63
log Ui, log{pr) plane as shown in Fig. 5. The first line, for the adiabatic behavior of the final stage of the fuel im-
obtained from Eq(38) and given by the relationship plosion. The factog* in Eq. (63) defines the opacity scal-
B “E/3 —1p41/3) 12 ing, which manifests how the domain of adiabatic implosions
(pr)ao [gfent] =0.255A% % *MumdUin, 7 ©D Would expand when the DT fuel is dopéor contaminated
with =1, corresponds to the maximum possibleg) val-  with other elements.
ues that can be achieved at stagnation by imploding the fuel Transition from the adiabatic to a strongly non-adiabatic
adiabatically along the zero isentrope; héfg, is the fuel  regime of implosion is illustrated in Fig. 6. Here we consider
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how the final fuel(pr) at stagnation(pr),, changes as we same equationd1)—(13) but with different initial conditions
increase the initial fuel entropy characterized by the valudor R(t) andT.(t). The initial state is now fully specified by
a_ of the parametewr (as defined by the value &f ), the values of two parameteRy=R(0) andpy=p.(0) (or,
keeping the DT fuel mass and its implosion velocity fixed. Inequivalently, byR, andM =poRg“). The initial tempera-
the adiabatic approximation, ter ), values fall along the ture, entropy, and thermal energy are infinite, while the ini-
slanting dashed lines inversely proportionaldo, as indi-  tial velocity R(o):o_

cated by Eq(61). The transition to the non-adiabatic regime, Having normalizedR(t) to Ry, we can use one degree of
as predicted by the self-similar solution, is shown with theg.oeqom available for normalization &(t) and3.(t) to re-

solid curves: for large enough values af , the {(pr) at duce the temporal components of E¢s2) and (13) to the
stagnation ceases to depend @n and approaches asymp- simplest form

totically the RD limit indicated with the horizontal dashed

lines. Because, however, the condition on the Rosseland op- %: 5 ¢1,(n,1) (653
tical thickness along the RD line, dv v '
— 318 711 1/8y (1/2
7a=0.716g¥° A" MU > 1, (64) d_¢:Xn7V7l' (65

is only marginally(and only atU;,,=2X 10’ cm/9 satisfied do
for M=1 mg, we have performed in addition one- where
dimensional three-temperature hydrodynamics simulations

with the DEIRA codé® to verify the predictions of the self- ( Ry | (716D o R(1) P 66
similar solution. The results are shown in Fig. 6 with black R(t) ' Uy’ '
dots. In these simulations the effects of Fermi degeneracy
initi g (1) _

have been properly accounted for. The initial state was as-  — Eo=aU§pé Y (67)
signed at the radiuB=4R,, in accordance with the isentro- %
pic self-similar profiles fora being constant over the fuel mt 1 1U(2n—1)
mass Po " Ro (

- -  Up= 68)

The results presented in Fig. 6 demonstrate that the cri- Bk, (y—1)(n—1)a" 1!

terion (63) delimits quite qccurately the domanj in thg pa- Equations(65) must be integrated from=0 10 v =0y,
rameter space where the final stage of the fuel implosion Ca\?vith the boundary conditions
still be treated adiabatically. However, because the implod- y
ing DT masses of interest to ICF are only marginally opti-  x(0)=1, ¢(0)=0, X(vex.)=0. (69

cally thick and partially degenerate, the RD regime predictedl_he corresponding integral curves for the basic(46} are
by the self-similar solution is never actually reached, al-

though the tendency to approach it over a certain range Jrileosttsed in Fig. 7 together with the Rosseland optical thick-

parametergespecially for high values dfl;,,) is quite con- '

spicuous. L . pgRo
Similarly, one can evaluate the reduction of the central ~ 7(v)=1g- 0 "x37"#, 0T 23

fuel temperaturd .(0) at stagnation in the non-adiabatic re- * (aUp)

gime as compared to the adiabatic one: according to the selote that Eqs(46) of the RD implosion regime can also be

similar solution, this reduction is limited by the facté,Fdl, renormalized td65) but with different initial conditions.

with the values ofs,q listed in Table III. Having calculated the values obe,,. and oey.:
Thus, by applying our self-similar solution to the final =g (v, ) by integrating Eqs(65), we find the asymptotical

stage of the fuel implosion in the context of volume ignition (in the limit of t— +) values of the entropy parameter,

and cold precompression for fast ignition, we obtain quanti-

tative information[criterion (63)] on where in the parameter s dffz too)=S (71)

space radiative energy losses become important, and qualita- ~* (+%)=20" Texs

tive information on how the fuel parameters at stagnation arand the totalequal to the kineticenergy,

altered by these losses.

(70

def
E.=E(+%)=%(4m)s(s+1)IgM,U3-v2 ., (72)

V- EXPLOSION TYPE SOLUTIONS of the expanding ga€, is the residual energy left over in

The RD solution of Sec. IV C, which starts formally the gas after it cools down to the non-radiating stage. Nu-
with the infinite initial entropy, describes the asymptotical merical values ob .., ando.,, for a selection oh,v pairs
implosion flow in the limit when it becomes independent of are listed in Table Ill. Analytical expressions for the case of
the initial entropy because most of this entropy has beem=wv+1 are given in Appendix B.
radiated away. A similar solution exists for the asymptotical = The asymptotical regime of radiative expansion consid-
regime of radiative explosion, when a gaseous mass initiallgred here occurs when a macroparticle with initial density
at rest is very rapidly heated to such a high initial temperaand sizeR; is very rapidly (on a timescale of<t,) volu-
ture that most of the initial entropy is radiated away beforemetrically heated to such a high temperat@irthat the time-
the gas begins to move. This solution is governed by thescale of radiative cooIingfzpoRS/K, becomes shorter than
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2.0 ———— ———7— The conclusions formulated above are based on two
main assumptions, namely th@t the equation of state is that
of the ideal gas, andi) the Rosseland optical thickness of
the imploding configuration is greater than unity. Because
these conditions are only marginally fulfilled for implosions
15 of DT masses in the milligram range relevant to ICF, the RD
regime is never really reached in such implosions and not all
the predictions of the self-similar solution have a sufficient
guantitative accuracy. Nevertheless, the solution proves to be
I quite helpful in clarifying the qualitative effects of radiative
1.0 cooling on the dynamics of ICF implosions and vyields a

I \ ] fairly accurate criterior(63) for the domain where these ef-
| ] fects can still be ignored.
Besides the implosion type of flows, there exists a

X branch of our self-similar solution which describes the as-
ymptotical regime of hydrodynamic expansion after a certain

/T

0.5 ) .
mass is very rapidly heated to such a temperature that the
timescale of radiative cooling becomes shorter than the hy-
drodynamic timescale. In such a case the self-similar solu-
tion enables one to calculate the residual kinetic energy of

00 I \ ] the expanding plasma.

0.0 0.5 1.0
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the hydrodynamic timescalg,=R,T~*2 When combined
with the constraint==1 on the Rosseland optical thickness, APPENDIX A: MATHEMATICAL PROPERTIES OF THE

the latter condition can be expressed as EIGENVALUE PROBLEM
1= Ro <530 E’Z 73 For >0 Eq. (14b implies dZ/dé<0, which means
T 1r(po,T) 3 "SBp, that Z(£)<1 and, by virtue of Eq(14a), that
This condition is, for example, satisfied for 30—abn par- I1(&)<exp— &/2). (A1)

ticles of solid gold heated to a temperaturele 2 keV on a
timescale oft=<10 ps, or for=2 mm particles of solid alu-
minum heated td ~1 keV on a timescale df<1 ns. Volu-
metric heating of such intensity is encountered when high H(§)~e*§2/2, (A2a)
power laser and particle beams interact with matter.

In the limit of B<1 we can assume91—-7<1 and obtain
the following approximate solution to Eg€l4):

zZMM g ~1-B(n+m+1)

VI. SUMMARY X F d—yemyz’zfygse42’2 d¢ (A2b)
0

S
We have demonstrated that the equations of one- °y
dimensional hydrodynamics with heat conduction admit avhich extends to§;=c. As it follows from Eq. (A1), the
self-similar solution which can be used to investigate thentegral on the rhs of Eq(A2b) converges for anyn>0,
effects of radiative cooling on the implosion dynamics of which justifies the assumption-1Z<1 above.

thermonuclear fuel in ICF targets. With the aid of this solu-  In the opposite limit of3>1, an approximate solution to
tion we find that the radiative energy losses can—at least iffd. (14b) can be obtained by assumings@ —I1<1,
principle — enhance the density and tf&) parameter at B(n+m+1)

2

maximum compression by an arbitrarily large factor. At the — zZ"*M™tl(¢&H~1— —————
same time, no more than a finite fraction on the order of 50% 2(s+1)
of the initial energy can be lost in this way. In the limit of This solution extends to&;=[B(n+m+1)/2(s+1)]"*?
intense radiative cooling the flow pattern approaches an as<1, and by integrating Eq14a with Z from Eg. (A3) we
ymptotical RD regime, in which the flow parameters nearverify that 1—-I1(£;)<<1 for anyn,m>0. Thus, for3<1 we
stagnation become independent of the initial entropy and arkave O=I1I1(¢,)<Z(¢,)~1, while for g>1 we have 0
fully determined by the mass and initial energy of the im-=2(&,)<II(&;)~1. Clearly, there must exist an intermedi-
ploding mass. ate value of for which I1(¢;)=2(¢,)=0.

(A3)
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Having assumed that the value &f is finite, Eq.(14b) V2
can be integrated fromi=0 to é— ¢, to yield Ord= U2 (v 1)’ (B3)
mé; Uy
2| = —— (&1 8), (Ada) v ~ v+l
|§ gl m+n ! Urd+zy+1: Ord+ = 2V+l (B4)
1+(n+1)/m
1‘[|§H§ =C Mé ) (gl—g)1+“/m, (Adb) Also, Egs.(46) of the RD regime can be directly integrated
tooAmEn to yield
yie
where ~_ s
o=(1+v) ", (B5a)
~ & —1/m
C=(ﬁ§ff £l df) : (A5) _ y+1
0 x=(1+v)1+1’V(1— vl. (B5b)

Note that the density profildI(£)/Z(£), also vanishes &

=¢; as (£,— &)™™. It can be shown that an infinite value of For the explosion solution of Sec. V we obtain

&, would be incompatible with the requirements

Iimg_,ocH(g):Iimg._,wZ(g):O for m,n>0. _ o= W x=1- Lv2+1/vl (B6)
The asymptotical formulaéA4) together with the con- v+1/2

d_itions dH(O)/dgz_dZ(O)/dfzo suggest the following 1\ #@vD) 1| -UerD
simple approximations fofl(¢) andZ(§): Vexs =| 1+ > , Oexs=| 1+ >
2
z~1—(£) [1~Zz3m, (6) (B7)
&)’
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