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Self-similar implosions and explosions of radiatively cooling
gaseous masses

Mikhail Baskoa) and Masakatsu Murakami
Institute of Laser Engineering, Osaka University, Suita, Osaka 565, Japan

~Received 1 May 1997; accepted 12 November 1997!

A self-similar solution of the gas dynamics equations with heat conduction, which describes
homologous contraction and expansion of gaseous masses with a free external boundary, is
investigated in detail. As a primary application, implosion of deuterium–tritium~DT! fuel in inertial
confinement fusion targets is considered. For strongly non-adiabatic implosions the self-similar
solution predicts that the flow pattern should approach an asymptotical regime in which it ceases to
depend on the initial entropy. For DT masses relevant to inertial confinement fusion~ICF! this
regime begins to dominate ataUim*63108 cm/s, wherea5p/pdeg is the fuel isentrope parameter,
andUim is its implosion velocity. The solution has also a branch which describes an asymptotical
regime of explosive expansion after an ultra-fast initial heating to a strongly radiating state.
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I. INTRODUCTION

Self-similar solutions play an important role in man
branches of physics, and especially in the physics of hyd
dynamic phenomena.1,2 In many situations of practical inter
est, they greatly facilitate qualitative and parametric analy
of complex hydrodynamic flows and provide useful scali
relationships. Also, they often represent asymptotical fl
regimes approached by a whole family of hydrodynamic
lutions after the information about certain aspects of the
tial state is ‘‘forgotten.’’

Among a large variety of self-similar solutions of th
hydrodynamic equations, those which include heat cond
tion are relatively few.3 For this reason alone they attra
special attention, and especially so if they find an applicat
to practical problems. A good example is the Pakula–S
solution4 for a planar ablation wave driven by radiative he
conduction, which is widely applied to analyze X-ray hoh
raums in the indirect drive approach to inertial confinem
fusion ~ICF!.5–8 One more example is provided by the se
similar solutions obtained in Refs. 9–11, which allow one
investigate the effect of heat conduction on the propaga
of blast waves in an ambient gas with power-law initial de
sity profiles. Of particular interest to ICF is the solution
Refs. 10, 11, which—due to the unique properties of ther 21

density profile—can incorporate in addition to heat cond
tion also the kinetics of thermonuclear burn and the ene
transport by fasta-particles.

In this paper we present another type of self-similar
lution with heat conduction relevant to ICF. As contrasted
those of Refs. 9–11, our solution describes hydrodyna
contraction~or expansion! of a finite gaseous mass with
free boundary which suffers energy losses by radiative h
conduction. Despite its mathematical simplicity, this soluti
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has eluded proper attention in the literature and appear
have been introduced for the first time in the recent publi
tions by one of the authors.12,13 Here we expand the result
of Ref. 13 and carry out a comprehensive mathemat
analysis of this solution, and clarify the physical meani
and interpretation of its key parameters and differe
branches. We demonstrate that this solution can be applie
the investigation of the effect of radiative cooling on th
implosion dynamics of deuterium–tritium~DT! masses with
a quasi-uniform~as in the volume ignition and fast ignito
schemes of ICF! entropy distribution, as well as to describ
radiative explosions of very rapidly heated~as, for example,
with femtosecond laser pulses! particles of matter.

The structure of the paper is as follows. In Sec. II t
separation ansatz and similarity variables are introduced
the basic fluid equations. Spatial profiles of the main therm
dynamic variables and hydrodynamic stability are discus
in Sec. III. Section IV is devoted to the analysis of the im
plosion solutions, with the application to implosion of th
DT fuel in ICF targets. Section V contains results for so
tions which describe an asymptotical regime of radiative
plosion after instantaneous heating to a very high temp
ture. In Sec. VI the main results are summarized.

II. SEPARATION ANSATZ FOR THE HYDRODYNAMIC
EQUATIONS

We start with the one-dimensional hydrodynamic equ
tions,
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which include the heat conduction term on the right-ha
side ~rhs! of the energy equation~3!. Here s50, 1, and 2
correspond, respectively, to the planar, cylindrical, a
spherical flow patterns. We assume the ideal gas equatio
state and choose the unit of temperatureT such that

p5rT, e5
T

g21
, ~4!

wherep is the pressure,e is the specific internal energy pe
unit mass, andg is the adiabatic index. For the heat condu
tion coefficientk we assume a power law dependence,

k5k* r2mTn, ~5!

on the densityr and temperatureT, with k* , m, andn being
constants. With an intention to apply our solution primar
to the case of radiative heat conduction, we can expressk as

k5 16
3 sSBl RT3, ~6!

where

l R5 l * r2mTn23 ~7!

is the Rosseland mean free path,sSB is the Stefan–
Boltzmann constant, andl * 5 3

16k* /sSB is a constant.
We are looking for a solution of Eqs.~1!–~3! in the form

u5jṘ~ t !, j5
def r

R~ t !
, ~8!

p5pc~ t !P~j!, ~9!

T5Tc~ t !Z~j!, ~10!

which belongs to a wide class of self-similar flows with v
locity u being proportional to radiusr 1. A dot overR indi-
cates the time derivative. The self-similar variablej is a
Lagrangian coordinate associated with the mass of the fl
for any fixed value ofj the fluid mass within the interval 0
<r<jR(t) is conserved. We assume that the eigenfuncti
P(j) andZ(j) are normalized toP(0)51, Z(0)51, so that
pc(t) and Tc(t) are, respectively, the central pressure a
temperature atr 50.

By virtue of the ansatz~8!–~10!, the original equations
~1!–~3! are reduced to

rcR
s115M* , ~11!

RR̈

Tc
52

Z

jP

dP

dj
51, ~12!

F 1

g21

Ṫc

Tc
1~s11!

Ṙ

RGrc
m11R2

k* Tc
n

5
1

jsP

d

dj S js
Zm1n

Pm

dZ

dj D 52b, ~13!

whererc(t)5pc(t)/Tc(t), andM* is a constant. Having the
separation constant in Eq.~12! set equal to unity means n
loss of generality because this can always be achieved
proper normalization ofR and j. But then the interval 0
<j<j1 of j variation is to be determined by solving th
Downloaded 27 Jun 2009 to 140.181.70.110. Redistribution subject to AIP
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eigenvalue problem. The positive sign of the separation c
stant in Eq.~12! means that we intend to investigate th
motions of gaseous masses under zero external pressur
instead, we would choose the minus sign, we would reco
the Kidder type solutions for implosions driven by extern
pressure with a certain temporal profile.14 With the negative
sign for the separation constant in Eq.~13!, we are looking
for a positive eigenvalueb.0 that would correspond to th
net cooling of the considered mass.

III. SPATIAL PROFILES

A. Formulation and solution of the eigenvalue
problem

Spatial profiles of pressure,P(j), and temperature
Z(j), are obtained by integrating the spatial components
Eqs.~12! and ~13!,

Z
dP

dj
1jP50, ~14a!

d

dj S js
Zm1n

Pm

dZ

dj D 1bjsP50, ~14b!

which comprise a third-order system of ordinary different
equations, and for which there are three obvious bound
conditions:

P~0!51, Z~0!51,
dZ~0!

dj
50. ~15!

To be able to determine a unique value of parameterb, we
need a fourth boundary condition, which is less obvious a
requires some additional justification.

First of all note that, as can be immediately ascertain
by straightforward integration of Eq.~14b!, the energy flux at
the outer boundaryj5j1 of our gaseous mass, proportion
to 2Zn1mP2m(dZ/dj)uj5j1

, is always positive forb.0. If
this boundary is free, the physical mechanism of practi
interest by which the energy could escape the gas is the
radiation. An appropriate boundary condition for radiati
losses from a free boundary in the conduction approxima
would be

2k
]T

]r
52sSBT

4

~for more details see Sec. 15, Chap. II in Ref. 2!. However,
in view of our separation ansatz~11!–~13!, the latter would
imply that the productTc

n23Rm(s11)21 must be constant in
time, which cannot be satisfied~at least not for the genera
choice ofs, m, n, andg values!. Hence, we adopt a simple
version of this boundary condition~which is practically no
less accurate in the limit of large optical thickness! by setting
the boundary temperature equal to zero. In combination w
the definition of the outer boundary as a position where
density vanishes, we end up with two additional conditio

P~j1!5Z~j1!50, ~16!

to determine the values ofj1 andb.
 license or copyright; see http://pop.aip.org/pop/copyright.jsp
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Note that in the previous publications12,13 the separation
constantb (cb in notation of Refs. 12, 13! was treated as a
free parameter. For the case of the thermonuclear spark
sidered in Ref. 12, this was justified by the presence of
outer cold gas layer. The value ofb chosen in Ref. 13 to
represent the implosion of a DT sphere with a free bound
is actually very close to the one calculated with the bound
condition ~16!.

In Appendix A it is shown that the eigenvalue proble
~14!–~16! always has a solution with finite and positive va
ues ofb andj1, provided thatm.0 andn.0. The asymp-
totical behavior ofP(j) andZ(j) for j→j1 is given by Eqs.
~A4!. The values ofb and j1 calculated for certain combi
nations ofs, m, andn are listed in Table I. Figure 1 display
the normalized profiles of the pressure, temperature, den
and specific entropy@as defined by Eq.~17! below# for a
spherical mass (s52) with the inverse bremsstrahlung opa
ity mechanism (m52, n513/2).

A question of interest is the relation of the above eige
value problem to the adiabatic limit, when the rhs of t
energy equation~3! is identically zero. This is not equivalen
to simply puttingb50 because the equation~14b! should be
omitted altogether in this case, i.e., we are left with o
equation ~14a! for the two unknown functionsP(j) and
Z(j). The latter reflects a well-known fact~see Sec. 29
Chap. I in Ref. 2! that in the adiabatic case one profile fun
tion can be chosen arbitrarily. In the non-adiabatic case,

TABLE I. Principal parameters of the eigenvalue problem.

s m n b j1 gc

2 2 4 1.2713998 2.2930 1.735508
2 2 5 1.0915617 2.4813 1.571966
2 2 6.5 0.90050252 2.7415 1.428913
2 1 4 0.91052410 2.8498 1.435767
2 1 5 0.76166482 3.1353 1.340282
2 1 6.5 0.61167599 3.5263 1.256111
1 2 6.5 0.57582596 2.7835 1.404323
0 2 6.5 0.26874812 2.8388 1.367518

FIG. 1. Normalized spatial profiles of pressurep, densityr, temperatureT,
and specific entropyh as obtained by solving numerically the eigenval
problem~14!–~16! for the basic set~19! of geometry and material param
eters. Dashed curves show the approximate formulae~A6! plotted with the
value ofj1 taken from Table I.
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freedom is eliminated by the additional equation~14b! with
the boundary conditions~15! and ~16!. As a result, we cal-
culate unique profiles of the thermodynamic function
Clearly, these same profiles can be used in the adiabatic
@recovered formally from Eq.~13! by putting k* 50# as
well.

B. Hydrodynamic stability

With the pressure and density profiles known, we c
address the issue of hydrodynamic stability. As it is se
from Eq.~12!, the acceleration of all fluid elements is alwa
positive, i.e. directed away from the center. Since the den
gradient~see Fig. 1! is everywhere negative, no Rayleigh
Taylor type ~heavy fluid on top of light fluid! instability is
anticipated. However, a convective instability—similar
what occurs in stellar interiors15—is still possible. The
Schwarzschild criterion for stability with respect to sma
adiabatic perturbations15 requires the specific entropy

h5
1

g21
ln T2 ln r5

1

g21
ln

p

rg
~17!

to increase monotonically upward, i.e., against the gravity
in the direction of acceleration.

In our case the temperature and density profiles are
dependent ofg, while the entropy gradient depends ong. As
a consequence, our solution is always stable for large eno
g, and may become convectively unstable forg values close
to unity. A closer examination reveals that the Schwarzsch
criterion is first violated near the center. Then, by expand
P(j) andZ(j) nearj50 , we find the critical value of the
adiabatic index,

gc5S 12
b

s11D 21

~18!

~listed in Table I together withb). For g.gc our solution is
stable. Forg,gc a convectively unstable core may develo
in the center. A more definite answer in this latter case
quires that a proper account is taken of the~stabilizing! effect
of the heat conduction on the perturbation growth. Tabl
shows that the case ofg55/3, for which theh profile is
plotted in Fig. 1, is stable for thes, m, n combinations of
practical interest.

IV. IMPLOSION TYPE SOLUTIONS

A. Equations governing the temporal evolution

One of the most obvious applications for our self-simi
solution is the final stage of implosion of a spherical D
mass in an ICF target.13 In the volume ignition mode, when
a DT mass with a more or less uniform entropy distributi
is compressed tôrr &*1 g/cm2, the dominant mechanism o
energy loss is by means of thermal radiation.16–19The opac-
ity mechanism is that of the inverse bremsstrahlung in
hydrogen plasma—which corresponds tom52 and n
513/2 in Eq. ~7!2—with a possible contribution from the
Compton scattering. Also, for the volume ignition mode
be practical, the Rosseland optical thickness of the DT m
must exceed unity,16,18,19 which justifies the approximation
 license or copyright; see http://pop.aip.org/pop/copyright.jsp
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of radiative heat conduction assumed in Eq.~3!. All these
considerations are equally applicable to the final stage
implosion in the fast ignitor scheme of ignition,20 where only
the final temperature of the DT fuel would be lower than
the case of volume ignition. Orienting ourselves to the s
ation described above, we adopt the set of parameters

s52, m52, n5 13
2 , g5 5

3 , ~19!

as a central case for numerical estimates and practical
mulae given below.

In accord with the logic of self-similar approach, w
neglect the complexities of the initial phase of implosion
realistic ICF schemes and adopt an idealized formulation
the problem: the initial conditions are defined in the limit
t→2`, whenR(t)→` and Ṙ(t),0 @time t50 is the mo-
ment of stagnation whenṘ(0)50]. Then, the initial state of
the imploding gas is fully specified by the values of its ma

M5~4p!sI MM* , ~20!

initial energy,

E25 lim
t→2`

E~ t !5 1
2 ~4p!s~s11!I PM* U2

2 , ~21!

and entropy parameter,

S25 lim
t→2`

S~ t !, S~ t !5
def pc~ t !

rc
g~ t !

. ~22!

Here

U252 lim
t→2`

Ṙ~ t !, ~23!

I M and I P are dimensionless integrals,

I M5E
0

j1P

Z
js dj, I P5E

0

j1
Pjs dj, ~24!

calculated in the process of integrating Eqs.~14! and listed in
Table II, and

~4p!s5H 1, s50,

2p, s51,

4p, s52.

~25!

To explore the general properties of the non-adiab
implosions, it is convenient to normalize the main dime
sional variables in the temporal components of Eqs.~11!–
~13! with respect to the adiabatic limit by introducing

TABLE II. Structural integrals for spatial profiles.

s m n IM I P I r I t

2 2 4 1.094557 0.680837 1.319248 1.2038
2 2 5 1.113424 0.731439 1.309899 1.3453
2 2 6.5 1.134499 0.792660 1.299958 1.5623
2 1 4 1.135744 0.797608 1.299793 1.5525
2 1 5 1.152661 0.850547 1.292201 1.8055
2 1 6.5 1.170509 0.910353 1.284547 2.2140
1 2 6.5 0.999965 0.782785 1.298025 1.5041
0 2 6.5 1.295175 1.145140 1.295175 1.4302
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v5
Ṙ~ t !

U2
, x5S Ra0

R~ t ! D
~g21!~s11!

, s5
S~ t !

S2
. ~26!

Here Ra0 is the value ofR(t) at maximum compression (t
50) of the adiabatic (k* 50) implosion with the same ini-
tial parametersM , U2 , andS2 . In this way, a ready com-
parison can be made with the simple adiabatic case. By
tegrating the temporal components of Eqs.~11!–~13! for
k* 50, we find

Ta05aU2
2 , a5 1

2 ~g21!~s11!, ~27!

ra05S aU2
2

S2
D 1/~g21!

, ~28!

Ra05FM* S S2

aU2
2 D 1/~g21!G 1/~s11!

, ~29!

whereTa0 andra0 are, respectively, the adiabatic values
the central temperatureTc and densityrc at stagnation. With
this normalization, the equations governing the tempo
evolution can be written as

dv
dx

52
1

2

s

v
, ~30a!

ds

dx
5

1

2
l

sn11

v
xn2n21, ~30b!

where

l5bk* ~g21!an2n21U2
2n22n21S2

n M
*
21/~s11! ~31!

is a dimensionless constant characterizing the degree of
adiabacity, and

n5
1

g21S m1
s

s11D.0. ~32!

Clearly, for l!1 the implosion is quasi-adiabatic, and fo
l@1 it is strongly non-adiabatic.

The x,v-plane can be viewed as a phase plane of
dynamic system described by the temporal component
Eqs.~12! and~13!. In contrast toR andt, bothx andv vary
within finite limits over the entire process of implosion an
subsequent expansion fromt52` to t51`. Equations
~30! should be integrated with the boundary conditio
v(0)521 ands(0)51. As can be inferred from Eq.~30b!,
the latter is possible only if the integral*0

x0xn2n21 dx con-
verges at the lower limit, i.e., whenn.n. Below we consider
only such combinations ofs, m, n, andg which satisfy this
restriction.

Finally, becausev(x) and s(x) are not single-valued
functions, it is convenient to choose the dimensionless ve
ity v as an independent variable and rewrite the system~30!
as

dx

dv
522

v
s

, ~33a!

ds

dv
52l snxn2n21, ~33b!
 license or copyright; see http://pop.aip.org/pop/copyright.jsp
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with the boundary conditions changing to

x~21!50, s~21!51. ~34!

B. General properties

The main question we want to address is how do
main characteristics of implosion change with the increas
role of energy loss, i.e., with the increasing value ofl? The
results of numerical integration of Eqs.~33! for the basic set
of parameters~19! and for four different values ofl are
shown in Figs. 2 and 3. Also, very helpful for gaining insig
into qualitative properties of our solution is a particular ca
of n5n11, for which Eqs.~33! can be integrated analyti
cally for anyl. Explicit formulae for this case are given i
Appendix B.

The adiabatic limitl50 is described by a trivial solu
tion,

x512v2, s51. ~35!

We remind thatx5(Ra0 /R)2 in the particular case ofs52,
g55/3 shown in Figs. 2 and 3, whereRa0 is the minimum
value ofR(t) for l50. As we increase the value ofl, the
stagnation valuex0[x(0) of x increases monotonically to
liml→`x05`, while the stagnation values0[s(0) of s
decreases to liml→`s050. For a particular case ofn5n
11 this is readily verified with Eqs.~B1!. The general case
is analyzed in the next subsection. If we invoke now t
expressions for the central density,

rc~ t !5ra0•x1/~g21!, ~36!

FIG. 2. Integral curves for the system~33! calculated with the basic set~19!
of geometry and material parameters for four different values of the n
adiabacity parameterl. Each curve is marked by the correspondingl value.
Downloaded 27 Jun 2009 to 140.181.70.110. Redistribution subject to AIP
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and the^rr & parameter~an important characteristic for th
inertial confinement of the thermonuclear fuel!,

^rr &~ t !5
defE

0

Rj1
r~ t,r ! dr5^rr &a0•xs/@~g21!~s11!#, ~37!

^rr &a05I rFM* S aU2
2

S2
D s/~g21!G1/~s11!

, ~38!

I r5E
0

j1P

Z
dj, ~39!

we conclude that, within the applicability of our solutio
radiative cooling can enhance the density and the^rr & of the
imploding configuration by an arbitrarily large factor a
compared with the adiabatic case. It should be noted t
once the effects of electron degeneracy are taken into
count, the density and̂rr & at stagnation cannot, of cours
surpass the values corresponding to the zero isentrope.

The situation is, however, different for the temperatu

Tc~ t !5Ta0•sx, ~40!

and total energy,

E~ t !5 1
2 ~4p!s~s11!I PM* U2

2
•~v21sx!, ~41!

of the imploding mass. As the non-adiabacity parametel
increases, the products0x0, which represents the normalize
temperature at stagnation, decreases monotonically but
proaches a finite limit,

-
FIG. 3. Normalized temperature,sx, total energy,v21sx, and the Rosse-
land optical thickness,t, along the integral curves shown in Fig. 2. Eac
curve is marked by the correspondingl value. Thet/ta0 curves forl>1
have been scaled by different factors to have minima around 1.
 license or copyright; see http://pop.aip.org/pop/copyright.jsp
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0,d rd5
def

lim
l→`

s0x0,1. ~42!

Again, for n5n11 this fact can be inferred directly from
Eqs.~B1!, while the general case is treated in the next s
section. For the basic set~19!, thesx andv21sx curves are
plotted in Fig. 3.

Thus, we arrive at a conclusion that, no matter h
strong is the impact of radiative heat conduction on the
plosion dynamics, only a fraction 12d rd ~typically on the
order of 50%! of the initial energy can be lost by this mech
nism. Accordingly, radiative losses can reduce the cen
temperature at stagnation,Tc(0), by only a finite factord rd

as compared to its adiabatic value for the same initial st
Note that this fact has already been recognized in the pre
ing publication.13 The exact values of thed rd factor calcu-
lated for a selection ofn andn values are given in Table III

When we compare thes curves in Fig. 2 with thev2

1sx curves in Fig. 3, we see that, whereas most of
initial entropy in the case ofl@1 is lost relatively early
~well before the stagnation!, the main portion of the energ
loss occurs just prior to the stagnation, whenR(t)&2R(0).
This is explained by a simple fact that at early timest,0,
when R(t)@R(0), the thermal energy is only a small frac
tion of the total energy. Hence, a significant reduction of
thermal energy at this stage would imply a significant d
crease of the entropy but very little change in the total
ergy.

The v.0 branch of the integral curves in Figs. 2 and
corresponds to the expansion after a bounce atv50 (t50).
The effects of non-adiabacity are always relatively mild
this stage for any value ofl. Since part of the initial energy
has been lost, the integral curves terminate at a velocit
,v1,1 defined by the condition

x~v1!50, v1.0. ~43!

As l→`, the values ofv1 and of the ratios(v1)/s0 ap-
proach finite limits,

v rd15
def

lim
l→`

v1 , s̃ rd15
def

lim
l→`

s~v1!

s0
. ~44!

The numerical values of these two quantities are also lis
in Table III.

TABLE III. Parameters which characterize the radiatively dominated
gime.

n n l rd d rd v rd1 s̃ rd1
vex1 sex1

4 2 11.310346 0.385914 0.574576 0.828839 1.094982 1.096
4 3 1.254687 0.642857 0.75 0.829827 1.068296 0.978
4 3.5 0.369853 0.798173 0.848117 0.831594 1.051374 0.863
6.5 3 110.63482 0.379062 0.585515 0.893985 1.073161 1.116
6.5 4 12.828483 0.526498 0.691433 0.894067 1.062664 1.083
6.5 6 0.225866 0.874747 0.906414 0.895187 1.030470 0.921
Downloaded 27 Jun 2009 to 140.181.70.110. Redistribution subject to AIP
-

-

al

e.
d-

e

e
-
-

t

0

d

C. Radiatively dominated regime

Because our principal dynamic variablesx and s be-
come, respectively, infinitely large and infinitely small ne
stagnation of a strongly non-adiabatic implosion, we m
renormalize Eqs.~33! to be able to explore this limit in more
detail. Being interested primarily in the parameters at st
nation, we introduce

x̃ ~v !5
def x~v !

x0
, s̃~v !5

def s~v !

s0
, f̃5s̃ 12n, ~45!

and pass to the limit ofl→` in Eqs.~33! to obtain

d x̃

dv
52

2

d rd
vf̃ 1/~n21!, ~46a!

df̃

dv
5~n21!l rdd rd

n21 x̃ n2n21, ~46b!

with the boundary conditions

x̃ ~21!50, f̃~21!50, x̃ ~0!51, f̃~0!51. ~47!

Here we have assumed for simplicity thatn.1 and intro-
duced a dimensionless constant,

l rd5
def

lim
l→`

S l

x0
nD . ~48!

The definition ofd rd is given in Eq.~42!.
The four boundary conditions~47! allow us to integrate

the two first-order equations~46! and to determine the two
‘‘eigenvalues’’ d rd andl rd . The asymptotical behavior,

x0ul→`5S l

l rd
D 1/n

, s0ul→`5d rdS l rd

l D 1/n

, ~49!

implied by Eqs.~42! and ~48!, is actually established by th
fact that the eigenvalue problem~46!, ~47! has a unique so-
lution with 0,l rd ,d rd,` ~and d rd,1). The latter can be
proven analytically and is easy to verify numerically forn
.n and n.1. By integrating Eqs.~46! further into thev
.0 domain, we calculatev rd1 ands̃ rd1 defined in Eq.~44!.
Table III lists the values ofl rd , d rd , v rd1 , ands̃ rd1 for a
selection ofn,n pairs.

Equations~45!–~47! describe a particular case of ou
self-similar solution which corresponds to the asymptoti
regime of strongly non-adiabatic implosions. We call it
radiatively dominated regime because the energy is assu
to be lost by radiation. For the particular set~19! of the
matter and geometry parameters this solution is plotted
Fig. 4. It corresponds to the critical value of the parame
ca50.409871 in Ref. 13. Whenn5n11, Eqs.~46! admit an
analytical solution given in Appendix B.

A radiatively dominated~RD! regime sets in wheneve
the initial conditions stipulate that the timescale for the e
tropy loss ~as evaluated along the adiabatic trajectory! is
much shorter than the hydrodynamic timescale. Then,
imploding mass loses most of its initial entropy before co
ing to a halt. As a result, the information about the init
entropy is essentially ‘‘forgotten,’’ and the implosion pro

-

1
9
9
2
9
6
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ceeds as if having started from the infinite initial entrop
This is illustrated by thes̃ curve in Fig. 4. Note that, al-
though the peak of the central temperature~the sx/d rd

curve! occurs before~at v520.13) the very moment o
stagnation, the kinetic energy by that time is already ne
gibly small.

As might be expected, the stagnation parameters in
RD regime do not depend on the initial entropyS2 and are
fully determined by the mass and initial velocity~or, equiva-
lently, initial energy! of the imploding configuration. Substi
tuting asymptotical expressions~49! into Eqs.~36!, ~37!, and
~40!, we calculate the central temperatureTrd , densityr rd ,
and confinement parameter^rr & rd at stagnation in the RD
regime,

Trd5d rdTa05d rdaU2
2 , ~50!

r rd5S bk* ~g21!an21U2
2n21

l rdM
*
1/~s11! D ~s11!/~ms1m1s!

, ~51!

^rr & rd5I rS bk* ~g21!an21

l rd
U2

2n21M
*
m/sD s/~ms1m1s!

.

~52!

D. Adequacy of the heat conduction approximation

Applicability of the heat conduction approximation
describe radiative energy losses requires that the Rosse
optical thickness,

FIG. 4. Integral curves for the system~46! of the radiatively dominated
regime calculated with the basic set~19! of geometry and material param
eters.
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t5
defE

0

Rj1
l R

21 dr5ta0•s32nx32n1m*1. ~53!

Here

ta05
I t

l *

M
*
1/~s11!

~aU2
2 !n232mS2

m
, I t5E

0

j1 Pm dj

Zm1n23
, ~54!

m5
m~s11!21

~g21!~s11!
5n2

1

g21
. ~55!

In a quasi-adiabatic implosion,t5t(v) is minimum at
stagnation—as is illustrated with thet/ta0 curve forl50 in
Fig. 3—provided thatn.31m ~for g55/3 the latter in-
equality, n.n13/2, is more restrictive than the conditio
n.n assumed throughout this section!. Hence, it is sufficient
to verify thatt(0)[ta0*1.

For strongly non-adiabatic implosions the situation
more complicated because, as the value ofl increases, the
minimum of t(v) shifts to negativev, i.e., to earlier times
before the stagnation~see Fig. 3!. In the asymptotical limit of
the RD regime,

t~v !5t rd• t̃ ~v !5t rd•s̃ 32n x̃ 32n1m ~56!

is a monotonically increasing function ofv ~see Fig. 4!.
Hence, the condition

t~0![t rd5
I td rd

32n

l *
F S bk* ~g21!

l rd
D ms1m21

3
a~2m2n!~s11!13s11M*
U2

~2n25m!~s11!26s21 G 1/~ms1m1s!

*1

~57!

is weaker than inequality~53! and does not guarantee th
applicability of the RD solution to the entire process of im
plosion for very largel. If, for example, we would like to
apply it to thel5100 case in Fig. 3, we would have t
require t(0).5 in order to havet(v).1 over the entire
range21,v,v1 . Hence, inequality~57! should be con-
sidered as only a necessary condition for applicability of
RD solution, and, unlesst rd@1, the conclusions obtaine
should be checked with a more adequate model for radia
cooling.

E. Application to ICF

A conventional approach to ICF relies on a spheri
implosion of 0.1–10 mg of DT fuel to achieve high compre
sion needed for thermonuclear ignition.7 We can apply the
present self-similar solution to investigate the effect of rad
tive cooling on the implosion dynamics of fuel configur
tions which have no hot spot in the center and, therefo
would be appropriate for the volume ignition and the co
pression stage of the fast ignitor schemes of ICF.

Following the conventional parametrization of ICF im
plosions, we introduce the implosion velocityUim defined by

E25 1
2 MUim

2 , ~58!
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whereE2 is the initial total energy of the imploding fuel o
massM . The fuel entropy is characterized by the dimensio
less compressibility parameter,

a5
def p

pdeg
510213 Ā5/3S, ~59!

wherepdeg51013(r/ Ā)5/3 is the Fermi pressure of degene
ate electrons, andp, r, andS are in the CGS units. Below
we use thea value corresponding to the center of the im
ploding mass. All practical formulae in this subsection a
given for a fully ionized arbitrary mixture of hydrogen iso
topes with the mean atomic massĀ ~for the equimolar DT
mixture Ā52.5). We adopt the basic set~19! of the geom-
etry and matter parameters and use the following expres
for the Rosseland mean free path due to the inve
bremsstrahlung,2

l R @cm# 570.68g21Ā2r22TkeV
7/2 . ~60!

HereTkeV is the temperature in keV, andg is the appropri-
ately averaged value of the Gaunt factor. For the hydro
plasma atT.3 keV one calculatesg'0.4 in the Elwert
approximation.21 To keep track of the opacity scaling, w
retain the factorg explicitly in the formulae below.

First of all, we apply our solution with a goal to establis
a boundary in the parameter space which separates the
batic and non-adiabatic regimes in the final stage of the
implosion. To this end, we plot two limiting lines on th
log Uim , loĝ rr& plane as shown in Fig. 5. The first line
obtained from Eq.~38! and given by the relationship

^rr &a0 @g/cm2# 50.255Ā5/3a21Mmg
1/3Uim,7

2 , ~61!

with a51, corresponds to the maximum possible^rr & val-
ues that can be achieved at stagnation by imploding the
adiabatically along the zero isentrope; hereMmg is the fuel

FIG. 5. Accessible values~shaded region! of the ^rr & parameter at stagna
tion versus implosion velocity for 1 mg of DT.
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mass in mg, andUim,7 is the implosion velocity in 107 cm/s.
Note that, although the self-similar solution does not acco
for the effects of electron degeneracy in the equation of st
the limit of adiabatic implosion of a partially~or fully! de-
generate configuration is still rigorously recovered from
~provided that thea values are restricted toa>1) because
the non-relativistic Boltzmann and Fermi electrons both ha
the same adiabatic index ofg55/3.

The second limiting line in Fig. 5, given by the equatio

^rr & rd @g/cm2# 51.7731023 g21/4Ā19/8Mmg
1/4Uim,7

3 ,
~62!

and plotted forg50.4, Ā52.5, Mmg51, corresponds to the
RD regime. The self-similar solution predicts that only t
^rr & values in the shaded region between the two curves~61!
and ~62! can be realized at stagnation. Note that in real
when the effects of electron degeneracy are properly
counted for, the RD limiting curve should approach thea
51 line only asymptotically.

If, now, we draw an adiabatic line~61! for any other
value of a.1 ~as it is illustrated with thea510 curve in
Fig. 5!, it will cross the RD line at a point beyond which th
adiabatic approximation breaks down. Hence, we obtain
following criterion:

aUim,7,144g1/4Ā217/24Mmg
1/12560 Mmg

1/12uDT , ~63!

for the adiabatic behavior of the final stage of the fuel i
plosion. The factorg1/4 in Eq. ~63! defines the opacity scal
ing, which manifests how the domain of adiabatic implosio
would expand when the DT fuel is doped~or contaminated!
with other elements.

Transition from the adiabatic to a strongly non-adiaba
regime of implosion is illustrated in Fig. 6. Here we consid

FIG. 6. Confinement parameter at stagnation versus initial value of
entropy parametera for two values of the implosion velocity for 1 mg o
DT. Predictions of the self-similar solution~solid curves! are compared with
the one-dimensional hydrodynamic simulations~black dots!. The adiabatic
and the RD limits are shown as the oblique and horizontal dashed line
 license or copyright; see http://pop.aip.org/pop/copyright.jsp
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how the final fuel̂ rr & at stagnation,̂rr &0, changes as we
increase the initial fuel entropy characterized by the va
a2 of the parametera ~as defined by the value ofS2),
keeping the DT fuel mass and its implosion velocity fixed.
the adiabatic approximation, the^rr &0 values fall along the
slanting dashed lines inversely proportional toa2 , as indi-
cated by Eq.~61!. The transition to the non-adiabatic regim
as predicted by the self-similar solution, is shown with t
solid curves: for large enough values ofa2 , the ^rr & at
stagnation ceases to depend ona2 and approaches asymp
totically the RD limit indicated with the horizontal dashe
lines. Because, however, the condition on the Rosseland
tical thickness along the RD line,

t rd50.716g3/8Ā7/16Mmg
1/8Uim,7

1/2 .1, ~64!

is only marginally~and only atUim*23107 cm/s! satisfied
for M.1 mg, we have performed in addition on
dimensional three-temperature hydrodynamics simulati
with the DEIRA code18 to verify the predictions of the self
similar solution. The results are shown in Fig. 6 with bla
dots. In these simulations the effects of Fermi degener
have been properly accounted for. The initial state was
signed at the radiusR54Ra0 in accordance with the isentro
pic self-similar profiles fora being constant over the fue
mass.

The results presented in Fig. 6 demonstrate that the
terion ~63! delimits quite accurately the domain in the p
rameter space where the final stage of the fuel implosion
still be treated adiabatically. However, because the impl
ing DT masses of interest to ICF are only marginally op
cally thick and partially degenerate, the RD regime predic
by the self-similar solution is never actually reached,
though the tendency to approach it over a certain rang
parameters~especially for high values ofUim) is quite con-
spicuous.

Similarly, one can evaluate the reduction of the cen
fuel temperatureTc(0) at stagnation in the non-adiabatic r
gime as compared to the adiabatic one: according to the
similar solution, this reduction is limited by the factord rd

21 ,
with the values ofd rd listed in Table III.

Thus, by applying our self-similar solution to the fin
stage of the fuel implosion in the context of volume ignitio
and cold precompression for fast ignition, we obtain qua
tative information@criterion ~63!# on where in the paramete
space radiative energy losses become important, and qu
tive information on how the fuel parameters at stagnation
altered by these losses.

V. EXPLOSION TYPE SOLUTIONS

The RD solution of Sec. IV C, which starts formal
with the infinite initial entropy, describes the asymptotic
implosion flow in the limit when it becomes independent
the initial entropy because most of this entropy has b
radiated away. A similar solution exists for the asymptoti
regime of radiative explosion, when a gaseous mass initi
at rest is very rapidly heated to such a high initial tempe
ture that most of the initial entropy is radiated away befo
the gas begins to move. This solution is governed by
Downloaded 27 Jun 2009 to 140.181.70.110. Redistribution subject to AIP
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same equations~11!–~13! but with different initial conditions
for R(t) andTc(t). The initial state is now fully specified by
the values of two parametersR05R(0) andr05rc(0) ~or,
equivalently, byR0 andM* 5r0R0

s11). The initial tempera-
ture, entropy, and thermal energy are infinite, while the i
tial velocity Ṙ(0)50.

Having normalizedR(t) to R0, we can use one degree o
freedom available for normalization ofṘ(t) andS(t) to re-
duce the temporal components of Eqs.~12! and ~13! to the
simplest form,

dx

dv
522vf1/~n21!, ~65a!

df

dv
5xn2n21, ~65b!

where

x5S R0

R~ t ! D
~g21!~s11!

, v5
Ṙ~ t !

U0
, f5s12n, ~66!

s5
S~ t !

S0
, S05aU0

2r0
12g , ~67!

U05S r0
m11R0

bk* ~g21!~n21!an21D 1/~2n21!

. ~68!

Equations~65! must be integrated fromv50 to v5vex1

with the boundary conditions

x~0!51, f~0!50, x~vex1!50. ~69!

The corresponding integral curves for the basic set~19! are
plotted in Fig. 7 together with the Rosseland optical thic
ness,

t~v !5t0•s32nx32n1m, t05
I t

l *

r0
mR0

~aU0
2!n23

. ~70!

Note that Eqs.~46! of the RD implosion regime can also b
renormalized to~65! but with different initial conditions.

Having calculated the values ofvex1 and sex1

[s(vex1) by integrating Eqs.~65!, we find the asymptotica
~in the limit of t→1`) values of the entropy parameter,

S15
def

S~1`!5S0•sex1 , ~71!

and the total~equal to the kinetic! energy,

E15
def

E~1`!5 1
2 ~4p!s~s11!I PM* U0

2
•vex1

2 , ~72!

of the expanding gas.E1 is the residual energy left over in
the gas after it cools down to the non-radiating stage. N
merical values ofvex1 andsex1 for a selection ofn,n pairs
are listed in Table III. Analytical expressions for the case
n5n11 are given in Appendix B.

The asymptotical regime of radiative expansion cons
ered here occurs when a macroparticle with initial densityr0

and sizeR0 is very rapidly ~on a timescale oft&t r) volu-
metrically heated to such a high temperatureT that the time-
scale of radiative cooling,t r5r0R0

2/k, becomes shorter tha
 license or copyright; see http://pop.aip.org/pop/copyright.jsp
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the hydrodynamic timescaleth5R0T21/2. When combined
with the constraintt*1 on the Rosseland optical thicknes
the latter condition can be expressed as

1&
R0

l R~r0 ,T!
!

16

3
sSB

T5/2

r0
. ~73!

This condition is, for example, satisfied for 30–50mm par-
ticles of solid gold heated to a temperature ofT'2 keV on a
timescale oft&10 ps, or for.2 mm particles of solid alu-
minum heated toT'1 keV on a timescale oft&1 ns. Volu-
metric heating of such intensity is encountered when h
power laser and particle beams interact with matter.

VI. SUMMARY

We have demonstrated that the equations of o
dimensional hydrodynamics with heat conduction admi
self-similar solution which can be used to investigate
effects of radiative cooling on the implosion dynamics
thermonuclear fuel in ICF targets. With the aid of this so
tion we find that the radiative energy losses can—at leas
principle — enhance the density and the^rr & parameter at
maximum compression by an arbitrarily large factor. At t
same time, no more than a finite fraction on the order of 5
of the initial energy can be lost in this way. In the limit o
intense radiative cooling the flow pattern approaches an
ymptotical RD regime, in which the flow parameters ne
stagnation become independent of the initial entropy and
fully determined by the mass and initial energy of the i
ploding mass.

FIG. 7. Integral curves for the system~65! of the explosion solution calcu-
lated with the basic parameter set~19!. Shown also is the normalized Ros
seland optical thicknesst/t0.
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The conclusions formulated above are based on
main assumptions, namely that~i! the equation of state is tha
of the ideal gas, and~ii ! the Rosseland optical thickness
the imploding configuration is greater than unity. Becau
these conditions are only marginally fulfilled for implosion
of DT masses in the milligram range relevant to ICF, the R
regime is never really reached in such implosions and no
the predictions of the self-similar solution have a sufficie
quantitative accuracy. Nevertheless, the solution proves t
quite helpful in clarifying the qualitative effects of radiativ
cooling on the dynamics of ICF implosions and yields
fairly accurate criterion~63! for the domain where these e
fects can still be ignored.

Besides the implosion type of flows, there exists
branch of our self-similar solution which describes the
ymptotical regime of hydrodynamic expansion after a cert
mass is very rapidly heated to such a temperature that
timescale of radiative cooling becomes shorter than the
drodynamic timescale. In such a case the self-similar so
tion enables one to calculate the residual kinetic energy
the expanding plasma.
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APPENDIX A: MATHEMATICAL PROPERTIES OF THE
EIGENVALUE PROBLEM

For b.0 Eq. ~14b! implies dZ/dj<0, which means
that Z(j),1 and, by virtue of Eq.~14a!, that

P~j!<exp~2j2/2!. ~A1!

In the limit of b!1 we can assume 0<12Z!1 and obtain
the following approximate solution to Eqs.~14!:

P~j!'e2j2/2, ~A2a!

Zn1m11~j!'12b~n1m11!

3E
0

j dy

ys
e2my2/2E

0

y

zse2z2/2 dz, ~A2b!

which extends toj15`. As it follows from Eq. ~A1!, the
integral on the rhs of Eq.~A2b! converges for anym.0,
which justifies the assumption 12Z!1 above.

In the opposite limit ofb@1, an approximate solution to
Eq. ~14b! can be obtained by assuming 0<12P!1,

Zn1m11~j!'12
b~n1m11!

2~s11!
j2. ~A3!

This solution extends toj15@b(n1m11)/2(s11)#21/2

!1, and by integrating Eq.~14a! with Z from Eq. ~A3! we
verify that 12P(j1)!1 for anyn,m.0. Thus, forb!1 we
have 05P(j1),Z(j1)'1, while for b@1 we have 0
5Z(j1),P(j1)'1. Clearly, there must exist an intermed
ate value ofb for which P(j1)5Z(j1)50.
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Having assumed that the value ofj1 is finite, Eq.~14b!
can be integrated fromj50 to j→j1 to yield

Zuj→j1
5

mj1

m1n
~j12j!, ~A4a!

Puj→j1
5CS mj1

m1nD 11~n11!/m

~j12j!11n/m, ~A4b!

where

C5S bj1
2sE

0

j1
jsP dj D 21/m

. ~A5!

Note that the density profile,P(j)/Z(j), also vanishes atj
5j1 as (j12j)n/m. It can be shown that an infinite value o
j1 would be incompatible with the requiremen
limj→`P(j)5 limj→`Z(j)50 for m,n.0.

The asymptotical formulae~A4! together with the con-
ditions dP(0)/dj5dZ(0)/dj50 suggest the following
simple approximations forP(j) andZ(j):

Z'12S j

j1
D 2

, P'Z11n/m. ~A6!

By comparing the above expression forZ with Eq. ~A4a!, we
infer an approximate formula forj1,

j1'F2S 11
n

mD G1/2

. ~A7!

APPENDIX B: ANALYTICAL RESULTS FOR A
SPECIAL CASE OF n 5n11

In the particular case ofn5n11, Eqs.~33! can be easily
integrated to yield

s5@11ln~11v !#21/n, ~B1a!

x52
11ln

n~n11!l2
$@11ln~11v !#111/n21%

2
1

n~n11/2!l2
$@11ln~11v !#211/n21%. ~B1b!

From this solution we calculate the values of the princi
parameters, defined in Eqs.~48!, ~42!, and~44!, which char-
acterize the radiatively dominated regime,

l rd5
1

n F ~n11/2!~n11!

n2 G n

, ~B2!
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d rd5
n2

~n11/2!~n11!
, ~B3!

v rd15
n

n11
, s̃ rd15S n11

2n11D 1/n

. ~B4!

Also, Eqs.~46! of the RD regime can be directly integrate
to yield

s̃5~11v !21/n, ~B5a!

x̃5~11v !111/nS 12
n11

n
v D . ~B5b!

For the explosion solution of Sec. V we obtain

s5v21/n, x512
n

n11/2
v211/n, ~B6!

vex15S 11
1

2n D n/~2n11!

, sex15S 11
1

2n D 21/~2n11!

.

~B7!
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