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(Received 8 April 1992; accepted 22 July 1992) 

A model is proposed for calculating the efficiency of conversion of the energy of charged- 
particle beams into thermal radiation. The model is based on a simplified system of 
radiation hydrodynamics equations and applies to optically thick converters with high 
conversion efficiencies qc>0.5. In the case of planar geometry, a self-similar solution of the 
model equations is obtained. This solution is used to derive a scaling law for the beam 
parameters required for efficient performance of planar radiative converters. A comparison of 
converter materials with different Z reveals that preference should be given to low-Z 
elements. 

I. INTRODUCTION 

One of the important applications of high-power 
beams of charged particles is generation of thermal x-rays.’ 
In particular, conversion of the ion-beam energy into x- 
radiation is considered as a promising way to solve the 
problem of symmetrization and achieve a spherical implo- 
sion of deuterium-tritium capsules in thermonuclear tar- 
gets driven by the beams of heavy ions.24 To be of prac- 
tical interest for controlled fusion, the beam-to-radiation 
energy conversion must be accomplished with high effi- 
ciency, vc 2 0.5. Hence, one of the important objectives of 
any theoretical analysis of the converter performance 
should be to find minimum requirements for the ion beam 
parameters that ensure high values of the conversion effi- 
ciency. And it is desirable to formulate these requirements 
in the form of simple scaling laws that could be used for 
parametric analysis and optimization of the driver-target 
complex as a whole. 

In most of the previous studies of the beam-to- 
radiation conversion process,375-7 the authors combined 
radiation-hydrodynamics code simulations with a qualita- 
tive physical analysis, using the latter to derive key com- 
binations of physical parameters that define the scaling. 
Arnold and Tahir’ proposed a very simple interpolative- 
type formula for the conversion efficiency of cylindrical 
converters with a single scaling parameter. The basic phys- 
ics governing the converter performance has been dis- 
cussed in detail by Murakami et aL6 

In this paper, we propose a model for calculating the 
efficiency of radiative converters driven by the beams of 
charged particles, which is based on a simplified system of 
radiation hydrodynamics equations (Sec. II). The model is 
adequate for optically thick converters in the limit of high 
values of the conversion efficiency ve> 0.5. In the case of 
planar geometry, the equations of our model admit a self- 
similar solution, provided that the equation of state and the 
Rosseland mean-free path are approximated as power-law 
functions of temperature and density (Sec. III). In Sec. IV, 
we derive this solution and discuss its properties in detail. 

‘)Permanent address: Institute of Theoretical and Experimental Physics, 
B. Cheremushkinskaja 25, 117259 Moscow, Russia. 

In Sec. V, the self-similar solution is applied to obtain con- 
straints on the ion beam parameters and to compare the 
performance of planar converters made of materials with 
different Z. 

II. BASIC MODEL 

Fast charged particles have relatively long ranges in 
matter, Am-0.01-l g/cm2, and deposit their energy over 
a substantial mass. Consequently, a characteristic feature 
of radiative converters irradiated by the beams of charged 
particles is that they are heated simultaneously over their 
entire (or a considerable fraction of the entire) mass. The 
two main physical processes that govern the performance 
of such converters are the hydrodynamic expansion and 
the transport of radiation out of the heated converter inte- 
rior. 

As was demonstrated by Murakami et a1.,6 the work- 
ing cycle of an efficiently performing converter can be di- 
vided into two stages. During the first stage, the converter 
is heated up to its working temperature and radiates only 
weakly, while at the second stage the beam energy is 
steadily transformed into thermal radiation and escapes 
the converter. Accordingly, we can identify three time 
scales that characterize the dynamical behavior of the con- 
verter and determine its efficiency, namely, the time of 
heating th, the hydrodynamic time scale t9 and the beam 
pulse duration tb Of course, the second stage can occur 
only when th < th Below we assume that this condition is 
always fulfilled. It means that we restrict ourselves to con- 
verters with relatively long working cycles and exclude the 
class of “short-pulse” converters, in which the radiative 
stage is essentially nonsteady. 

For most practical purposes, the dynamics of a radia- 
tive converter can be adequately described by the equations 
of one-temperature hydrodynamics with radiative heat 
conduction. Our basic simplifying assumption concerns the 
energy equation, which can be written as 

+qb) 

where s is the specific entropy, D/Dt=d/&+wV is the 
Lagrangian time derivative, Za is the Rosseland mean-free 
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path, osa is the Stefan-Boltzmann constant, $, is the rate 
of energy deposition per unit mass by the beam particles. 
During the heating stage the first term on the right-hand 
side of Eq. ( 1) is small compared to the remaining two. At 
this stage qbz T(Ds/Dt) zeh/th, where Eh is a characteris- 
tic value of the specific internal energy at the end of the 
heating stage. In the course of the radiative stage 
T 1 DdDt 1 -e,,/t, while qb”$,/t,,. Hence, if t,,(&, the left- 
hand side of Bq. ( 1) is small compared to each term on its 
right-hand side, and Eq. ( 1) can be solved under the 
steady-state approximation T(Ds/Dt) =O. 

Summing up, we propose to describe the dynamics of 
radiative converters with the following system of equa- 
tions: 

aP z+div(pu) =0, (2) 

The steady-state approximation used in Eq. (4) is valid in 
the limit th(tr We assume that this condition is fulfilled 
during the entire period of illumination, O(t(tb, and that 
th < tb (Note that the relationship between tb and ts can be 
arbitrary.) Having solved Bqs. (2)-(4), we can calculate 
the time evolution of the total kinetic, Ekin( t), and thermal, 
Etth( t), energies of the converter. Once these energies are 
found, the radiative conversion efficiency can be calculated 
as 

(5) 

Here, Ed(tb) is the total energy deposited in the converter 
over the time interval O<t(t,. 

Virtually, this approach is an application of the 
method of successive approximations for calculating the 
conversion efficiency qC when 1 - qC( 1. Indeed, Eqs. (2)- 
(4) do not conserve the total energy 

Ed(t)=&(t) +&h(t) +&ad(t), (6) 

where Emd( t) is the radiation energy that escapes the con- 
verter by time t. If we consider the ratios Eki,( t)/~d( t) 
and Eth( t)/Ed(t) to be small parameters, then Eq. (4) is 
written in the zeroth approximation, Erad(t) z&(t), with 
respect to these parameters. By solving it, we calculate the 
temperature distribution in the zeroth approximation. 
(Usually, due to a strong temperature dependence of the 
radiative heat conductivity, iRT3 CC T” with n ~4-7, this 
approximate temperature distribution is quite accurate.) 
Then, by combining the temperature distribution found in 
this way with the mass and momentum equations (2) and 
(S), we calculate Eki,( t) and Eth(t) in the first approxi- 
mation. And, as a final step, we use the exact law of energy 
conservation (6) to evaluate the radiated energy Erad( t) 
and the conversion efficiency r], in the first approximation 
with respect to E&Ed and Eth/&. 

By evaluating the energies in Eq. (5) at t= tb, we ne- 
glect the radiation that emerges from the converter after 
the beam pulse is turned off. In the total, this tail emission 
may amount to a considerable fraction of Eth(tb). Since, 
howeve?, its characteristics are highly nonsteady and the 
conclusion about its usefulness may depend on a particular 
application scheme, we simply ignore it here. One might 
argue also that it would be more appropriate to use 
&,,( tb- th) and Eth( tb- th) instead Of EG,,( tb) and &,( tb) 
in Eq. (5) because a quasisteady regime described by Eq. 
(4) sets in only at t= th. In general, however, such a mod- 
ification would not imply any dramatic improvement in the 
accuracy of the model, while the ultimate expressions for 
qC would become more complicated. 

Equations ( 1) and (4) are written under the assump- 
tion that the converter is in local thermodynamic equilib- 
rium, i.e., electrons, ions, and radiation have one and the 
same temperature T. In relatively dense plasmas of ele- 
ments with 224, typical for radiative converters, electrons 
and ions come into equilibrium on a time scale much 
shorter than thp and the assumption of T,= Ti is completely 
justified. For radiation to be in equilibrium with matter, 
the Rosseland optical thickness of the converter must be 
ra> 1. The same condition is needed to justify the diffusion 
approximation used in Bqs. ( 1) and (4). In practice, how- 
ever, quite accurate results can be obtained even for 
ra 2 l-2, provided that an appropriate boundary condition 
for Eq. (4) is used (for more details see Sec. IV A below). 

Ill. EQUATION OF STATE AND OPACITY 

With an intention to look for self-similar solutions, we 
adopt power-law approximations for the equation of state 
and the Rosseland mean-free path of the converter mate- 
rial: 

p=p*v-9, (7) 

l,=l*v9? (9) 

Here p is the pressure, E the specific internal energy, In the 
Rosseland mean-free path, v= l/p the specific volume, and 

(10) 

is the adiabatic index. We assume that either CY < 1 and 
/3> 1, or cr=p= 1. Expressions (7) and (8) are thermody- 
namically consistent in the sense that they obey the basic 
thermodynamic identity 

(11) 

The specific values of constants p*, I,, a, /?, A, p for a 
selection of elements throughout the periodic table, ad- 
justed for temperature and density intervals 200 eV < T 
< 500 eV, 0.3 g/cm3 <p < 3 g/cm3, are given in Table I. 
The equation-of-state constants p*, a, P, and ys have been 
calculated by using the mean-ion model from Ref. 9. Typ- 
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TABLE I. Equation-of-state and opacity parameters, eigenvalues, and structural constants for a selection of elements with different Z. 

Parameter D Be 

p* (g’-” cm)+’ secm2 eVmB) 9.65~ 10” 5.23x 10” 

; 1 1 0.9916 1.0042 
r* 5/3 1.57 

1, (8 cm’-3A eV-“) 2.81 x lo-’ 1.7x 10-I’ 
ci 2 1.80 
P  3.5 4.2 
Y  1.133 1.096 

4 1.675 1.660 
A2 1.638 1.532 
AE 0.886 0.901 
OR 1.088 1.202 

C 

4.84X 10” 

0.981 1.025 
1.52 

E: lo-l6 
5.6 
1.078 

1.648 
1.581 
0.913 
1.302 

Al Fe Ag AU 

1.99x10" 5.44x 1o’O 1.39x 1o’O 9.13x 109 

0.937 1.145 0.880 1.327 0.837 1.512 0.843 1.525 
1.43 1.37 1.32 1.30 

2.0x 10-s 9.0x 10-9 4.6x lo-’ 1.0x 10-6 
1.30 1.30 1.22 1.24 
2.0 2.0 1.65 1.18 
0.994 0.946 0.898 0.914 

1.660 1.660 1.666 1.685 
1.201 1.201 1.145 1.151 
0.901 0.901 0.895 0.877 
1.150 1.150 1.140 1.076 

ical errors of power-law formulas (7), (8) in the above- 
mentioned range of T, and p values are lo%-20%. 

The values of I*, A, and p in Table I have been calcu- 
lated by summing the contributions of free-free, bound- 
free, and bound-bound transitions together with that of 
Compton scattering (with the exception of deuterium for 
which Compton scatteriung was neglected). The combined 
contribution of bound-bound and bound-free transitions 
was evaluated according to the model from Ref. 10. Deu- 
terium is included in Table I not because it is considered to 
be a plausible converter material but rather as an extreme 
example of purely free-free absorbing medium. Note that 
the temperature and density dependence of IR is in general 
much less regular than that ofp and E, and the error of Eq. 
(9) with constants from Table I may be very large outside 
the above-mentioned regions of T  and p values. 

IV. SELF-SIMILAR SOLUTIONS FOR PLANAR 
CONVERTERS 

A. Equations in Lagrangian form and boundary 
conditions 

Consider a plane-parallel converter symmetric with re- 
spect to the central plane r=O. We introduce the Lagrang- 
ian mass coordinate 

s 

r 
m(t,r) = p( t,r’)dr’ 

0 
(12) 

as independent variable and consider solutions only in the 
region O<m<mo, where mo=S;p dr is the half-thickness 
of the converter. We assume the heating rate qb (ergs g-’ 
set-‘) to be constant in space and time within the time 
interval O<t<t,which is a good first approximation to 
the energy deposition by fast charged particles with a box- 
shaped temporal power profile [generalization to 
qb=q6(t,m) is straightforward]. Then, Eqs. (2)-(4) take 
the form 

au au ---= 
at am ‘7 

a24 ap 
at+&=09 

(13) 

(14) 

aT 
T asB l*d-1T~+3 z+mq6=0. 

Equation ( 15) is the first integral of Eq. (4) with the 
boundary condition (aT/am),=o=O. 

The boundary condition for the heat flow equation 
( 15) deserves special attention because, as is well known,” 
a judicious choice of the boundary condition for the diffu- 
sion approximation can significantly improve its accuracy 
in situations when the relevant optical thickness is of order 
unity. In our case, this boundary condition must reflect the 
fact that there is no incoming radiative flux. Strictly speak- 
ing, the latter means that radiation is out of thermal equi- 
librium near the boundary surface. But if we assume that 
( 1) the boundary layer is in a steady state, (2) the emis- 
sion and absorption coefficients are related by the 
Kirchhoff-Planck law, and (3) the absorption coefficient 
does not depend on frequency (gray approximation), we 
can calculate the spectrum-integrated mean intensity J of 
the radiation field at the boundary surface as 

J”f ~~sinBd6~om I,(@dv=$, (16) 

where I,( 0) is the specific intensity of radiation traveling 
in direction 8 with frequency v, 8 is the angle between the 
direction of photon propagation and the normal to the 
boundary surface, T is the matter temperature at the 
boundary surface. If, in addition, we postulate the simplest 
angular dependence 

1 

lop 04 < 7712, 
ue)= o 

,  d2<eGT, (17) 

compatible with the zero incoming flux, we calculate the 
outgoing flux to be 

def r 
S=2n 

s 
sin 8 cos 8 de - I,,( 0)dv=2rr J=2c@? 

0 s 0 
(18) 

Combined with the diffusion expression for the radiative 
heat flux, S= -$&RT3 VT, Eq. ( 18) leads to the fol- 
lowing boundary condition at m = mo: 
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16 
-3 o&l+‘P+3 $2@4. (19) 

A reasonable estimate of the accuracy of the diffusion 
approximation at optical depths T- 1 can be obtained from 
the following comparison. Consider an atmosphere with a 
constant outward flux S in the gray approximation. The 
solution of the diffusion equation with the boundary con- 
dition (18) is 

(20) 

while the exact solution” is given by 

J(T) =;s[~+q(d I, (21) 

where q(T) is a monotonic function varying between q(0) 
=l/v’3~0.577 and q(eo)zO.71. Thus, in case of 711-1, 
we expect the typical error in the quantity T’ to be - 20%. 

The boundary condition 

u(t,O) =o (22) 

for the fluid velocity is a trivial consequence of symmetry 
with respect to m = 0. And as the third boundary condi- 
tion, we adopt not just zero pressure at m = m. but, antic- 
ipating u( t,m,) = 00, a more stringent condition of zero 
work done by external forces on the converter: 

p(ttm0)u(4m0) =O. (23) 

B. Dimensional analysis 

If we express T in terms ofp and v by virtue of Eq. (7), 
we find that the dependent variables v, u, and p in Eqs. 
(13)-( 15) are determined by the following set of govern- 
ing variables and parameters: 

t, m, mot Al= 
%‘* ‘* 

qbp$+4vB ’ A2=p * 
* 

The last parameter A, originates from the boundary con- 
dition ( 19). 

None of the five parameters in Eq. (24) refers to the 
initial state of the converter, and in general three of them 
have independent dimensions. Hence, the asymptotic be- 
havior of any solution to Eqs. ( 13)-( 15) in the limit of 
strong expansion, when the dependence on the initial con- 
ditions becomes negligible, is completely determined by the 
values of three dimensional (say t, mo, and A 1 ) and two 
dimensionless parameters. An obvious choice for the first 
dimensionless variable is 

c=m/mo. (25) 

The second dimensionless variable must be composed oft, 
mo, A,, and A,. If, however, time can be excluded and a 
dimensionless combination can be formed from the con- 
stants mo, A,, and A,, the asymptotic solutions of Eqs. 
( 13)-( 15) become necessarily self-similar. One readily as- 
certains that the latter is possible only for ;1= 1. 

When L#l, self-similar solutions to Eqs. (13)-( 15) 
are still possible if we replace the nonuniform boundary 
condition (19) with a simpler but less accurate uniform 
one, 

T( t,mo) =O. (26) 
A comparison of the two self-similar solutions, obtained, 
respectively, with the boundary conditions ( 19) and (26) 
for A= 1 (see Sec. IV C 2 below), shows that the uniform 
boundary condition (26) leads to fairly accurate values of 
the conversion efficiency q, provided that 
~R~S~l<lvdm > 2. 

C. Self-similar solutions 

We look for a solution of Eqs. ( 13)-( 15) in the form 

r(t,m) =ro(tFK), u(t,m) =io(tFG), 

v(t,m) =vdt)8D, U&m) = Tdt)FG), 
(27) 

where 4 is defined by Eq. (25). Here and below a dot above 
the quantities with subscript “0” indicates differentiation 
with respect to time. To get rid of the extra freedom intro- 
duced by the separation ansatz (27), we fix the normaliza- 
tions of cand T 

F(O)=l, T(O)=l, (28) 

as well as the separation constant in the separation ansatz 
for Eq. (13), 

-=mo;o=lEE1 m0v0 

r0 r0 Vdt ’ 

The separation ansatz for Eqs. (14) and (15) is 

m04T 

PX 
=A12 

(29) 

(30) 

3(p+4) 4dn; 3- 1&4+4 

32asB v4= -F T=A2 * (31) 

To proceed further, we have to choose between the bound- 
ary conditions ( 19) and (26). First, we consider a more 
general case of arbitrary A with boundary condition (26), 
and then discuss briefly a particular solution for /z = 1 with 
boundary condition ( 19). 

1. Arbitrary ,I, boundary condition (26) 

The spatial part of Eqs. (30) and (31) reduces to the 
following eigenvalue problem: 

where we have denoted 
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a=0.843 f3=1.525 
h=1.24 p=1.18 

0.0 0.2 0.4 0.6 0.8 1 .o 

t=m/m0 

FIG. 1. Self-similar temperature, density and radius (the distance from 
the midplane) profiles in a planar radiative converter as calculated from 
Eqs. (32)-( 35) for the values of parameters a, B, A, p corresponding to 
gold in Table I; m,-, [g/cm’] is the half-thickness of the converter. The 
velocity profile is identical with the radius profile, see Eq. (27). 

*&q, q)- *+4. (35) 

Table I lists the eigenvalues Ai and A2 as calculated from 
Eqs. (32)-(34) for seven different elements. Figure 1 dis- 
plays the eigenfunctions 7(g), p(S) = F-i( 5) and T( 6) for 
the values of a, p, ;1, ,u corresponding to gold in Table I. 

It should be noted here that a solution to Eqs. (32) 
and (33) with the boundary conditions (34) exists not for 
any combination of parameters a, 0, A, CL. When we exam- 
ine the behavior of q(c) and q(g) in the lim it {-P 1, we 
find that the boundary condition (23) implies a restriction 

1 P 
aTp+4 

- A-5. ( 1 (36) 

In practice (see Table I), inequality (36) holds with a wide 
margin. It can be proved also that for 

1 P -_- 
3 p-i-4 ( ) A-i <a<l--$ (37) 

lim  F(c) = co and the converter extends to infinity, while 

ii 

a.,--$, (38) 

it is finite F( 1) < ~1. All parameter combinations from 
Table I lead to finite values of r( t,mo) = ro( t)F( 1). 

Having introduced the expansion factor 

v,(t) 
X(t) =7, (39) 

“00 

with vcc being the initial specific volume in the converter 
center, we can transform the temporal part of the separa- 
tion ansatz (30) and (31) to 

T,(t) = 7&yC’-~)/(P’+4), (40) 

I 

p-v- 1 

t i ;=v&%2A1p,mo v, -2 ‘-“%I 1-V YfL 

v=l, 
(41) 

, 

I In X, 

where 

v=a+P(A-l) 
j-L+4 * 

The initial temperature r, in the converter center is given 

(42) 

1’b+4) 
T,= 

3(p+4) 4bmt ,-L 
32A,igiym (43) 

The solution of Eq. (41) for X(t) can be written in an 
implicit form as 

t 
1 

(2ApJ; (g!~;~l)“2d5, v#l, -= 4 Ol 2 1’2 $Jlin (4.4) 
111 1 exp(C2M, v= 1, 

where 

m0h 
ts= (p*v~“p~) l/2 (45) 

is, apart from the insignificant numerical factor a-“‘, the 
time of isothermal sound propagation across the initial 
converter half-thickness movoo. 

For Y < 1 (typical for high-Z materials), Eq. (41) ad- 
m its an important asymptotic solution 

I 
A,U+d2 

v0(t)= 2c1-vj p*mT2 

( 

3(p+4) qbrnt B’(P+4) 1 1 
l/(l+v) 

X XasBI, 3 f (46) 

valid in the lim it v~-“~v~“. This solution does not depend 
on the initial specific volume voo (starts from v,=O). Its 
physical meaning is as follows: In the lim it of a very strong 
expansion, when t)t, implies [X( t)]‘-“>l, the converter 
dynamics is governed by Eq. (46) [together with Eqs. 
(32), (33), (40) , and (43)] independent of the initial con- 
ditions. In contrast, the “general” solution (44), starting 
from nonzero vm, is valid only when the initial density 
distribution conforms to the eigenfunctions determined by 
Eqs. (32)-( 34). In reality, however, expanding converters 
approach the asymptotic solution (46) rather slowly. As 
can be seen from Table I, even for the heaviest elements 
1 - Y 5 0.1; hence, unrealistically high values of the expan- 
sion factor, X?J lOlo, are needed to reach, say, X1-“? 10. 

The thermal and kinetic energies of the converter are 
given by 

s 

1 
&h(t) =mo 

AE 
e dc=- %?*%I ‘T-g&‘-“, (47) 

0 Ys--l 
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s 

1 u2 
&n(t) =mo -4Z 0 2 

=A~ap&,j-a@~ 
I 
x’-“- 1 

l-v ’ ygtl, 
(48) 

In X, v= 1, 
where 

AE= 
I 

’ ++d~ 
0 

= 
s 

’ $Vd.$ 
0 

= ; $‘-‘/‘397/d~+4) dc. 
s 

(49) 

Numerical values of AE are listed in Table I. In deriving 
Eq. (48), we have invoked the identity 

which can be easily verified by virtue of Eqs. (30), (32)- 
(34). Finally, substituting Eqs. (47) and (48) into Eq. 
(5)) we obtain the conversion efficiency, 

(52) 

is the time needed to heat the converter center up to the 
working temperature T,, rb= I( tdt,) is the ratio of the 
total nonradiative energy losses to the energy spent on the 
heating of the converter, and 

A= I 
t xl-‘+E (xl-v-l), v=#l, 
. (53) 

‘Is’ [l+(y,-l)lnX, v= 1, 
with X( t/t,) determined by Eq. (44). 

We do not present here lengthy expressions for Eth( t), 
EL,,(t), and 7, in the asymptotic case of X1-“) 1 (for v 
< I), when these quantities cease to depend on the initial 
conditions. We note only that in this limit the ratio be- 
tween the kinetic and internal energies approaches a con- 
stant (time independent) value 

(54) 

determined by individual properties of the converter mate- 
rial. 

From Eq. ( 5 1) , it is seen that we can distinguish two 
limiting cases of the converter performance. In the near- 
static limit tb(ts, when Ib- 14 1, the nonradiative energy 
losses are due only to the initial converter heating and Eq. 
(5 1) gives a conceptually very transparent (apart from the 
structural constant A& answer for rlc. Note that in this 
limit the conversion efficiency can be easily calculated for 

TABLE II. Eigenvalues and structural constants for ,I= 1. 

a= 1.0, p= 1.0, p=3.5; a=O.S, @=1.6, p=l.O; 

6 A1 AE AR Al AE AR 

0 1.635 0.927 1.502 1.660 0.902 1.150 
0.1 1.624 0.941 1.298 1.631 0.941 1.107 
1.0 1.595 0.974 1.103 1.546 1.049 1.042 
10 1.575 0.996 1.015 1.487 1.127 1.006 

any initial density distribution by solving Eq. (15) alone 
and ignoring the contribution of Ekin. In the opposite limit 
of strong expansion, when I& 1, the kinetic energy dom- 
inates in the total nonradiative energy losses; in the case of 
high-Z converters its relative contribution approaches a 
time-independent limit given by Eq. (54). 

The Rosseland optical thickness (actually half- 
thickness) of the converter is given by 

s 1 TR(t) Em0 !!!!!e x4U-~3)/~p+4~, 

0 
G’v dt=Aa l*p., 

(55) 

where 

AR= 
s 

’ $(~-‘)h@(~- ‘)+Pa1/++4) dc (56) 
0 

(numerical values of Aa are given in Table I). Typically 
A > 1 and ra( t) decreases with time. Hence, for assessing 
the applicability of our model we must use TR(tb). 

2. A = 1, boundary condition (19) 
In this case the eigenvalue problem reduces to 

(57) 

$(O)=l, F=+(l) $(&Lo, 

where 

(58) 

(60) 

The temperature distribution does not depend on time and 

To= T,= (61) 

All the other formulas-from Eq. (44) to Eq. (56)- 
obtained in the previous section remain essentially un- 
changed. The only exception is Eq. (46) in which A2 must 
be replaced by ( 1 + S) - ‘. And one should keep in mind 
that v=a for il= 1, while 4, is given by Eq. (59). The 
dependence of constants A,, A, Aa on S is illustrated in 
Table II. 

If we set S=O in Eqs. (59) and (61), we recover the 
solution from Sec. IV C 1, obtained with the uniform 
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boundary condition (26), in the particular case of il= 1. 
We can use this fact to evaluate the accuracy of the uni- 
form boundary condition (26). From Eqs. (6 1) and ( 5 1)) 
we see that, by replacing a more accurate boundary con- 
dition (19) with a cruder one (26), we introduce a relative 
error of S/(p+4) ‘y (0.1-0.2)s in the central temperature 
T,, and SB/(~+44)z(0.1-0.3)6 in the quantity (l-~~) 
(for the moment, we neglect the variation of AE and lYb 
with 8). On the other hand, parameter 6 is directly related 
to the Rosseland optical thickness of the converter, 

which does not depend on time for il = 1. Using the latter 
relationship and allowing for the 6 dependence of AE and 
AR (see Table II), we find that in converters with r,>2 the 
relative error in the values of ( 1 -Q) caused by using the 
uniform boundary condition (26) instead of (19) is (5% 
for low-Z materials, and < 15% for heavy elements. Thus, 
we can adopt ?-a=2 as a lower bound for applicability of 
the self-similar solution described in Sec. IV C 1. 

FIG. 2. Conversion efficiency ne as a function of the specific energy 
deposition rate q6 for a planar gold converter with the initial half- 
thickness mc=O.l g/cm* and the initial density pm=20 g/cm’. Solid 
curve: full self-similar solution (51) with rb given by Eq. (53); dashed 
curve: static limit of rb= 1 in Eq. (51); dotted curve: asymptotic solution 
(46) in the limit of strong expansion. The pulse duration tb= lOWa sec. 
The results of 1-D hydrodynamics code simulations are shown with plus 
signs (radiation pressure accounted for) and open circles (radiation pres- 
sure ignored). 

V. SCALING LAWS AND APPLICATIONS Too[eV] =760( 10,~w,g)o”93(ol ~~cmi)0386 

For a fixed converter material, the conversion effi- 
ciency q0 as given by Eq. (51), is a function of four free (63) 
parameters: 46, rb, mo, and um- l/pm. The first three of 
them are essentially the beam parameters, provided that 
the range of beam particles is equal to the converter thick- t,[sec] =4.7X 10w9( 10~~w,g)~o~706(o~1 ,mi),589 
ness 2mo. For applications, it is important to know ( 1) 
how do the beam parameters scale with one another when 
the conversion efficiency is fixed at some threshold value x ( 2. ;cmJ) -0.0@j3, (64) 

(say, qc=0.5) which separates efficient converters from 
inefficient ones, and (2) what material gives the highest t,[sec] =4.2x lo-” 
conversion efficiency for a fixed combination of the beam ( 10IPW,g) -“‘147( 0.1 zJcrnzr706 
parameters. But before addressing these issues, we examine 
how our approximate model and the self-similar solution x(2o ~cm3)-o’9s7. (65) 
compare with one-dimensional (1-D) hydrodynamics sim- 
ulations. The Rosseland optical thickness, given by 
A. Comparison with 1-D code simulations 

Most critical is to test the approximations of Sec. II 
against strongly expanding converters, in which x& 1, 
Eliin > &( lb), and the discrepancy between our model 
and the exact solutions of the hydrodynamics equations is 
expected to be the largest. Figure 2 shows the conversion 
efficiency 7, versus heating rate qb as calculated for a gold 
converter with m. =O. 1 g/cm2, poo = 20 g/cm3 according to 
the full solution (5 1 )-( 53) (solid line) and in two oppo- 
site limits-the static limit [ rb= 1 in Eq. ( 5 1 ), dashed line] 
and the asymtotic limit of strong expansion [Eq. (46), 
dotted line]. The beam pulse duration tb is fixed at 10e8 
sec. In this example the working temperature in the con- 
verter center, the heating and sonic time scales vary with 
the relevant free parameters as 

rR(t) =88( ,,lp”,,,) -,.,,( o.l zcmT),,, 

x ( 2. ;cm3)oi85fxw 1 -OJ-, (66) 

is always greater than unity. 
A characteristic feature of every q,(qb) curve calcu- 

lated with our model is that it starts from 71c=0 at a certain 
threshold value of qb Below this threshold Eq. (5) yields 
negative values of qc-which is a direct consequence of the 
method of successive approximations employed in Sec. II. 
The negative values of qc should be interpreted as an indi- 
cation that the true values of the conversion efficiency are 
rather low ( vc 5 0.2-0.3) in the corresponding parameter 
region. 
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In the example illustrated by Fig. 2, the hydrodynamic 
energy losses are about twice as high as the energy spent on 
heating the converter up to the working temperature, and 
the “dynamic” conversion efficiency (solid curve) lies con- 
siderably below the static limit (dashed curve). On the 
other hand, even though the expansion factor x( tb) ranges 
from 90 to 190 as qb rises from I.5 x lOI w/g to lo’* w/g, 
yet it is not high enough for the converter to be adequately 
described by the asymptotic solution (46) (dotted curve). 
Under such conditions, one would expect a disagreement 
between the self-similar solution and the hydrodynamics 
code simulations to be the most pronounced. 

The results of 1-D code simulations shown in Fig. 2 
have been obtained for a gold slab with a constant initial 
density profile, p( O,m> =poo= 20 g/cm3, in two cases: with 
radiation pressure accounted for (plus signs) and ignored 
(open circles); for the equation of state and the Rosseland 
mean-free path the power-law approximations (7)-( 9) 
have been used. Comparing the 1-D code results with the 
solid curve in Fig. 2, we conclude that ( 1) the approximate 
model of Sec. II is quite adequate for optically thick con- 
verters with high conversion efficiencies, qc? 0.5, and (2) 
the self-similar solution of Sec. IV C 1 can be successfully 
applied to strongly expanding converters with nonself- 
similar initial density profiles long before the asymptotic 
regime (46) sets in. 

From Eqs. (64) and (65) we find that th > ts along the 
solid line in Fig. 2 and the basic condition for applicability 
of Eq. (4), th+, iS not fulfilled. However, if we evaluate t, 

for the final rather than for the initial density profile, we 
still find th(t,-which suffices for Eq. (5 1) to give accurate 
enough values of qc when qc> 0.5. 

B. Scaling for the beam parameters 

If we demand that the conversion efficiency of a planar 
converter ~0.5, we find from Eq. (5 1) that the beam 
parameters must satisfy the condition 

where 

249 
g*=ys- 1 

4 3(;2;s~;J”(p+4) 

(67) 

(68) 

is a constant of material. If we assume that the beam en- 
ergy is used “economically” and the converter thickness 
2mo coincides with the range of fast particles, inequality 
(67) can be readily converted into a power-law relation- 
ship between the beam intensity Ib=2m&jb [W/cm2], the 
particle energy Eb, and the pUke duration tb-provided 
that the particle species is fixed and the range-energy rela- 
tion is known. 

For material parameters of practical interest it usually 
turns out that ) Y- 11 5 0.1 (see Table I). Consequently, 
the right-hand side of Eq. (67) depends only very weakly 
on poo, qb, mo, and tb (Ib varies between 1 in the static limit 
and 3-4 in strongly expanding converters). As a result, the 
left-hand side of Eq. (67) can be viewed as a single scaling 
variable whose value should exceed a certain threshold in 

100 
A x 

I1111 “‘1 I “’ “‘1 I ,,,,,,,, , ,,,,,,,, , ,,,,,, ‘1 I ,, ,I i : 
N 

c : 
\i ; 
:.i ! _.-.-. C - Fe / 

b z :- 
23 a- 

E” 2 
g 10-l : 
aI x- 

5. :- 
2 !i- 
5 ,- 

3- 

2 2- 

z 
lo-*- 

10” 10” IO’B 10’0 10” 
specific power qb (w/g) 

FIG. 3. For each of the four selected elements two curves are shown on 
the ( qbmJ parameter plane: the q,=O.5 curve and the ~a = 2 curve. Both 
families of curves have been calculated in the static limit, with Ib= 1 in 
Eq. (51) and X=1 in Eq. (55), for pm=1 g/cm3 and f,,=lO-s sec. As 
discussed in Sec. IV C 2, the self-similar solution for arbitrary ,l obtained 
with the uniform boundary condition (26) is applicable on the left from 
the ra=2 curves, where rs > 2. On the other hand, the initial equations of 
the model (2)-(5) are adequate on the right from the 7),=0.5 curves, 
where ~,>0,5. The resulting region of applicability between the ~=0.5 
and the ra=2 curves is rather narrow for carbon (and lighter elements), 
and quite wide for aluminum and heavier elements. The curves ne=0.5 
illustrate also the scaling law (67). 

order to ensure high efficiency of the beam-to-radiation 
energy conversion. In other words, Eq. (67) establishes a 
scaling law for the three relevant beam parameters qb mo, 
tb in the case of planar converter geometry. Figure 3 illus- 
trates this scaling law on the (qb,mc) parametric plane for 
four different elements ( qc=0.5 curves). 

Earlier Meyer-ter-Vehn and Unterseer5 and Arnold 
and Tahir’ proposed to use a different scaling parameter 
which in our notation takes the form ~=qbrn@&,~. This 
parameter emerges from a comparison between the heating 
time scale th and the sonic time tp while our scaling vari- 
able on the left-hand side of Eq. (67) relates the heating 
time scale th to the pulse duration tb We argue that, at least 
for the planar converters, our result is more adequate be- 
cause a strong expansion of a planar layer typically does 
not imply significant degradation of its optical depth and 
conversion efficiency. Therefore, planar converters may 
perform efficiently even when t&h < tb [here ts is the initial 
sonic time defined by Eq. (45)] and the criterion th 5 ts 

used in Refs. 5 and 8 is violated. 
Another conclusion that can be infered from Eq. (67) 

concerns the optimum value of the initial converter density 
pm If, in addition to the converter material, the beam 
parameters qb, mot and tb are also fixed, we are left with a 
single free parameter pW A close scrutiny of Eqs. (44), 
(45), and (53) reveals that the product I@&’ is a mono- 
tonically increasing function of poo for Y) 1, and has a 
shallow minimum at a certain poo [which corresponds to 
ts- (2- 3)tb] for Y < 1. Thus, in low-Z converters (for 
which Y > 1) it is advantageous to have as low as possible 
value of the initial density pee (so far as the converter 
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remains optically thick), while in high-Z materials (for 
which Y < 1) there is an optimum value of pm, below which 
the conversion efficiency decreases with decreasing pm 

C. Low-Z converters versus high-i? converters 

Some idea on how the conversion efficiency depends on 
the atomic number Z of the converter material can already 
be infered from Fig. 3. Comparing relative positions of 
qc=0.5 curves for different elements we conclude that in 
thin converter foils, when me ~0.03-0.1 g/cm’, higher 
conversion efficiencies can be obtained with high-Z mate- 
rials (gold), while in thicker foils, with mok 0.1 g/cm2, 
low-Z elements are preferable. Such nontrivial behavior 
results from an interplay of two factors: on the one hand, 
high-Z elements require less energy per gram to be heated 
to the same temperature; on the other hand, due to higher 
opacity, high-Z converters must be heated to higher cen- 
tral temperatures than low-Z converters with the same ini- 
tial thickness and density. 

For a more detailed comparison, we must take into 
account that the converter thickness 2mc is related to the 
range of beam particles, which is also a function of Z. 
Here, we choose the following approach. We assume the 
energy Eb of individual beam ions to be an independent 
variable. For each value of Eb, we calculate ( 1) the con- 
verter thickness 2mo by using the range-energy relation for 
a uniform medium with temperature T, and density pm, 
and (2) the beam intensity Ib=2mdb from the condition 
that conversion efficiency ve, as given by Eq. (5 1 ), is equal 
to 0.5. The results of such calculations for a beam of 209Bi 
ions stopped in three different converter materials are 
shown in Fig. 4. As the range-energy relation, we used a 
power-law fit, 

to the ranges calculated from a detailed stopping-power 
modelt3for3GeV<Eb<20GeV, lOOeV<T<l keV,O.l 
g/cm3 <p < 10 g/cm3. The values of the fit parameters Re 
and pb are given in Table III. For each target element two 
values of the initial density, namely poo=ps=normal solid- 
state density and poo=0.3 g/cm3, have been probed. The 
pulse duration tb was fixed at lo-’ sec. 

Bach curve in Fig. 4 represents a lower bound to the 
beam intensity Ib that is needed for the efficient beam-to- 
radiation energy conversion. For one and the same ele- 
ment, the lower initial density, poo=0.3 g/cm3 <p. always 
corresponds to a lower beam intensity threshold. This is 
caused primarily by the corresponding increase of the hy- 
drodynamic time scale tD almost in proportion with the 
decrease in poo [see Eq. (45)]. When the pulse duration tb 
is fixed, a larger value of ts implies lower energy losses to 
the hydrodynamic expansion of the converter [a lower 
value of factor Ib in Bq. (51)] and, as a consequence, a 
lower intensity threshold for the 50% conversion effi- 
ciency. Besides, at smaller target densities fast ions have 
somewhat lower ranges due to a higher plasma ionization 

I I 
2 

,Ogii io: k:ri; ‘i;’ (GeV) 
2 

FIG. 4. Threshold beam intensity for 50% conversion efficiency as a 
function of 2WBi ion energy. For each of the three selected elements two 
curves are plotted: the upper curve corresponds to the initial converter 
density equal to the normal solid-state density of the respective element; 
the lower curve corresponds to the initial density pW=0.3 g/cm3. The 
difference between the upper and the lower curves for each element re- 
flects the role of the hydrodynamic energy losses in expanding planar 
converters. 

[cf. Bq. (69)], which also contributes to the lowering of the 
beam intensity threshold. 

Comparing the curves for different elements in Fig. 4, 
we clearly see that low-Z materials are superior to heavy 
elements (Recently, a similar result has been obtained also 
by Atzenit4.) It should be emphasized here that this con- 
clusion is reached under the condition that the values of 
the initial density, used for converter materials with differ- 
ent Z, do not decrease with Z. Low-Z elements perform 
better because they have higher stopping powers per unit 
mass and lower Rosseland opacities. Both factors cause the 
Rosseland optical thickness rR to decrease with decreasing 
Z. When rs becomes comparable to unity, our model is no 
longer applicable. For this reason no results for Be are 
given in Figs. 3 and 4: In the parameter region considered, 
there exists no solution with 71~ > 0.5 and rn > 1 for the Be 

TABLE III. Fit parameters for power-law approximation (69) to the 
ranges of 2WBi ions. 

Parameter Be C Al Fe Ag Au 

R. Wcm2) 0.11 0.096 0.11 0.13 0.16 0.22 
pb 0 0 0 -0.13 -0.20 -0.25 
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converters. Also, the dotted curve for carbon with poo=ps 
is truncated at Eb =: 5 GeV because rn < 1 for smaller Eb In 
carbon converters with poo=0.3 g/cm3, we find 
rn= 1.5-2.2, while along both aluminum curves rn=5-15. 
Thus a recommendation for picking up the best converter 
material would be to take an element with the lowest pos- 
sible Z for which the converter is still optically thick (op- 
tically thin converters, with rn(l, are relatively 
inefficien+). 

VI. CONCLUSION 

Fast charged particles, used to create high energy den- 
sities in matter, typically deposit their energy over a con- 
siderable volume of the target material, which is optically 
thick with respect to thermal radiation. Therefore, an ad- 
equate theoretical model for converison of the energy of 
intense particle beams into thermal x-rays must be based 
on the equations of nonsteady hydrodynamics and account 
for the energy transport by radiation. In optically thick 
converters radiation transport can be approximated as a 
radiative heat conduction. In this paper, we have demon- 
strated that, so long as one is interested in radiative con- 
verters with high conversion efficiencies, the system of hy- 
drodynamic equations with radiative heat conduction can 
be simplified one step further: while retaining nonsteady 
terms in the mass and momentum equations, one can dis- 
card the nonsteady entropy term in the energy equation 
and, thereby, reduce it to a steady-state equation of radia- 
tive heat diffusion. In the particular case of planar geom- 
etry the system of thus simplified equations admits a self- 
similar solution, provided that power-law formulas are 
used for the equation of state and the Rosseland mean-free 
path as a function of temperature and density. 

Having employed the self-similar solution to describe 
the performance of planar converters, we obtain an analyt- 
ical expression for the beam-to-radiation conversion effi- 
ciency. Analytical formulas make it possible to carry out a 
complete parametric analysis of the properties of planar 
converters. In particular, we establish a scaling relation- 
ship (67) for the beam parameters that must be fulfilled to 
ensure high efficiency of the energy conversion. The phys- 
ical condition th<0.5 I’;‘tb that underlies this scaling im- 
plies that the heating time th should be small compared to 
the pulse duration tb; a slowly varying factor I+1 repre- 
sents the role of the hydrodynamic expansion (Ib= 1 in 
static converters, and FbU3-4 in strongly expanding con- 
verters). A comparison between low-Z and high-Z con- 
verter materials reveals that, in the parameter region typ- 
ical for the inertial-confinement-fusion applications and for 
the same values of the initial density, low-Z converters 
perform more efficiently than the high-Z ones. 

The model proposed here and the results obtained do 
not apply universally. In each particular case of practical 
interest the applicability of the model should be analyzed 
separately. In general, Eqs. (2)-(5) can be used for more 
complex than just planar converter geometries, provided 
that ( 1) the converter is optically thick, ra 2 1, and (2) 
the conversion efficiency is high enough, v,? 0.5. The re- 

sults presented in Sec. V indicate that there remains a wide 
domain in the parameter space where both conditions ( 1) 
and (2) are satisfied (at least for medium- and high-Z 
elements) and which might be of interest for applications. 
There may exist also converter configurations with inter- 
mediate optical thicknesses of, say, rR -0. l-l that perform 
quite efficiently but are beyond the applicability limits of 
the present model (converters with 7x4 1 will be inefficient 
because they must be heated to higher temperatures to 
achieve the same emissivity as those with rn- 1). Clearly, 
such cases must be explored numerically. 

The analytical results obtained in this paper for the 
planar converters can only be used under the additional 
limitation that the beam focal spot is larger than-or at 
least comparable to-the expansion height scale of the con- 
verter, when two- and three-dimensional effects of the 
plasma expansion are insignificant. Fortunately, this ap- 
pears to be a rather typical case for high-current ion beams, 
as exemplified by the PBFA-II experiments’ in which the 
focal spot radius is -3-5 mm. 

When applied to more complex converter configura- 
tions, Eqs. (2)-( 5) will, in general, admit no self-similar 
solutions. Nevertheless, in many cases Eq. (4) can be 
solved analytically, provided that a certain simple density 
profile is assumed. The latter means that, if one approxi- 
mates the density distribution in the expanding converter 
by a one-parameter family of physically reasonable simple 
curves, it may still be possible to solve Eqs. (3) and (4) 
analytically and obtain approximate analytical expressions 
for Eth( t), Ekin( t), and 7,. Such approximate solutions 
may be very helpful in evaluating the conversion efficiency 
and deriving scaling laws for various types of radiative 
converters. 
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