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ABSTRACT. A new gain model based on an adiabatic self-similar solution of the hydrodynamic equations is proposed 
for inertial confinement fusion (ICF) targets ignited by means of a thermonuclear spark at the fuel centre. The model is 
applied to analyse gain curves corresponding to fixed values of the implosion velocity 4,. It is shown that the adequate 
ignition criterion, allowing for the inertia of the cold fuel, implies psRsTs a U,, at the time of ignition, as contrasted to 
fixed values of the spark areal density, p,R, ,  and the temperature, T,, assumed in many of the earlier publications. The 
modified ignition condition leads to the scaling E,,, 0: .'U,: and G; a ( E / o ~ ~ ) ' . ~  for the ignition energy threshold, 
E,,,, and the limiting fuel gain, G;, of ICF capsules; CY is the isentrope parameter of the cold fuel, E is the energy invested 
in the DT fuel. Stability and symmetry constraints do not affect this scaling when the initial aspect ratio of the fusion 
capsule A. > 1; in the opposite case of initially thick capsule shells, the scaling of E,,, and G; with U,, and 01 becomes 
ill defined. 

1. INTRODUCTION 

As in many branches of physics, scaling laws play 
an important role in inertial confinement fusion (ICF) 
research. On the one hand, they represent the basic 
physics governing a phenomenon under consideration. 
On the other hand, scaling relationships help to save 
much effort and computing time when, for example, an 
ICF target designed for a specific set of external para- 
meters can simply be rescaled to other values of these 
parameters. In ICF research, special attention has always 
been paid to the scaling of the target energy gain G with 
the input driver energy Edr. 

In recent publications by the Livermore group [ 1-41, 
the dependence of G on Edr has been discussed as a 
family of separate gain curves corresponding to different 
values of the implosion velocity Ul,. The underlying 
physics is based on the following similarity law, which 
with good accuracy holds for indirectly driven fusion 
capsules. If, for given initial densities, all the dimensions 
of a fusion capsule are scaled down (up) by the same 
factor X ,  while the temperature of the driving X rays 
(more accurately, the pressure and the rate of ablation) is 
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kept constant and only the pulse profile is compressed 
(stretched) by the same factor X ,  the capsule implodes 
along the same sequence of states in the p ,  T plane and 
reaches the same implosion velocity Ui, and the same 
maximum density and temperature at the time of stagna- 
tion. Evidently, the constituent masses and the input 
energy scale as X 3 .  Also, implosions scaled in this way 
preserve the values of the convergence ratio, as well as 
the initial and the inflight aspect ratios of the capsule 
layers - which means that they all have roughly the same 
stability limitations and symmetry requirements. Thus, a 
gain curve G(Ed,) obtained for a fixed value of the 
implosion velocity should adequately represent a family 
of capsules with different sizes driven by radiation field 
with a fixed X ray temperature. Any such curve has an 
ignition threshold E d r , m , n  because, for a fixed U,,, it is 
impossible to satisfy the condition of inertial confinement 
for arbitrarily small fuel masses. An important issue is the 
scaling of Ed,, mln with the implosion velocity and other 
relevant parameters. The envelope of the gain curves for 
different U,, is the limiting gain curve G* = G*(Edr). 

Earlier, a number of attempts have been made to derive 
scaling laws for G" and E d r , m i n  by simply analysing the 
deuterium-tritium (DT) fuel states at the time of maxi- 
mum compression. The published gain models are based 
on either a constant density [5, 61, a constant pressure 
[7, 81 or more realistic analytic [9] profiles across the 
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spark and cold fuel regions. All such models assume a 
fixed coupling efficiency qf between the driver energy 
E d r  and the energy E = qfEdr invested in the fuel and, 
using the relationship G(Ed,) = qfGf(qfEdr) ,  identify the 
scaling of the target gain G(Edr) with the scaling of the 
fuel gain Gf(E). However, the results obtained in this 
manner significantly differ from those that were 
published by the Livemore group [l-41 and are based on 
sophisticated numerical simulations. A better agreement 
- though in a limited range of parameters - was 
achieved in Refs [lo, 111 after constraints due to the 
hydrodynamic instabilities and to the drive asymmetries 
had been introduced by assuming fixed values of the 
radial convergence ratio and the initial aspect ratio for the 
fuel shell. On the other hand, it is well known [12, 131 
that the stability constraints limit the inflight rather than 
the initial aspect ratio of imploding shells. Thus, the 
problem appears to deserve a more thorough 
examination. 

Here, we propose a new parametrization scheme for 
the DT fuel states near ignition based on the self-similar 
solution for adiabatic contraction and expansion of a 
gaseous sphere. Besides being more accurate than the 
isochoric and isobaric approximations, this parametriza- 
tion enables us to establish an adequate scaling for spark 
parameters at ignition with the implosion velocity, 
p,R, T, tx U,,, as contrasted to the widely used condition 
of fixed p,R, and T,. This scaling originates from the 
tamping effect of the cold fuel and is the key new element 
in the present work. Although the effect of cold fuel on 
the ignition criterion has been discussed by a number of 
authors [8, 14, 151, the link between the spark parameters 
at ignition and the implosion velocity appears to have 
eluded proper recognition. By using the ignition criterion 
in this way modified, we infer the scaling Emin 0: a3U2, 
which is confirmed by direct one dimensional simula- 
tions of the ignition of DT spheres and agrees better 
with the Livermore results [2-41 than the relationship 
E,,, 0: a3Udo derived in Ref. [16] under the isobaric 
approximation with fixed spark parameters psR, and T,; 
here, a is the isentrope parameter of the cold fuel. If 
symmetry and stability constraints are imposed as certain 
fixed values of the radial convergence and the inflight 
aspect ratios, we find that they modify the above scaling 
only in the case of large initial thickness of the fusion 
capsule. 

2. FUEL PARAMETRIZATION 

To obtain a suitable parametrization of possible DT 
fuel configurations near the time of ignition, we invoke 

the following self-similar solution: 

u(2, r) = RE (1) 

P ( t ,  r) = P o ( 0 4 E )  (2) 

(3) 

which describes a homologous adiabatic contraction 
(expansion) of a gaseous sphere with a prescribed entropy 
distribution over the mass co-ordinate. This solution 
belongs to the well studied class of motions with linear 
velocity profiles [17]. In Eqs (1)-(3), 

W, = POW (1 - A [: E'4E'ldC') 

(4) 

is the self-similar variable, R = R(t) is the outer fuel 
radius obeying the equation of motion 

po( t )  and Po([) are, respectively, the central density and 
the pressure, w ( 4 )  is an arbitrary function defining the DT 
density (or, equivalently, entropy) profile, and 

1 

Q = [ [wd[ (6) 
0 

is a dimensionless constant. For the adiabatic index equal 
to $, when the ratio P0/p0513 is constant, Eq. (5) can be 
integrated to give 

R 2  = U: [ 1 - @>'I (7) 

where R, is the fuel radius at the time of stagnation 
2 = 0, 

is the implosion velocity of the outer fuel edge in the 
limit of t - -03, and porn = po(0) ,  To, = To(0), and 
Po, = Po(0) are, respectively, the density, temperature, 
and pressure in the fuel centre at stagnation. 

Here, it should be emphasized that we employ the 
adiabatic solution (1)-(9) to approximate not the entire 
process of the fuel implosion, but rather its motion during 
a short period just before ignition within which the effects 
of non-adiabatic processes do not have time to accumulate 
and cause serious flow distortions. Clearly, the dynami- 
cally self-consistent pressure and density profiles 
obtained in this way should be closer to reality than the 
step-like approximations used in Refs [5-81. In this work, 
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we consider only bare DT microspheres, with the 
boundary pressure P(t, R) = 0 (see Eqs (3) and (6)). The 
self-similar solution (1)-(9) can easily be generalized to 
include a thin massive pusher at r = R [ 181. We avoid this 
complication, primarily because the results obtained even 
for moderate values of the pusher to fuel mass ratio 
pp z 1-3 seem to be of little practical value for spark 
ignition near stagnation because of rapid spark dissipation 
[ 181 and the Rayleigh-Taylor instability at the pusher/fuel 
interface. 

On the assumption that the fuel ignition is initiated by 
a thermonuclear spark - a hot region in the fuel centre 
- we specify the density profile U([) by (1) choosing 
a([) = 1 inside the spark region 0 < [ < [,, and 
(2) adopting a constant value of the entropy parameter: 

throughout the cold fuel region [, C C; < 1 .  Here, 

= 2.18 ( p  [ g l ~ m ~ ] ) ” ~  [Mbar] 

is the cold pressure of the degenerate electron gas in a 
fully ionized equimolar DT mixture of density p .  Then 

O < c ; < 4 ,  

The density and pressure profiles given by Eqs (2), (3), 
and (12) are illustrated in Fig. 1. The density jump at the 

0.0 0.2 0.4 0.6 0.8 1 .o 
t 

FIG. 1. Radial density (solid curve) and pressure (dashed curve) 
profiles in the DTfuel according to the selfsimilar solution (1)-(9), 
(12). 

hothold fuel interface is 

The total mass and energy of the fuel can be calculated as 

M = 4ap0,Ri l w[’d[ 
I 

0 

where 

n arcsin 4 ,  _ -  
[, 16[,6 - 245; + 2[,2 + 3 f- 2 

(1 - 5 3 5 ’ 2  3 (1 - E ? ) 2  $E = 

(17) 
are slowly varying functions of 4 ,  only. 

Evidently, the energetically most economical solution 
would be to ignite the DT fuel at the time of stagnation, 
t = 0. In our model, however, we have the possibility of 
introducing an ignition margin by assuming that the 
required spark parameters Ts and H, = psR, are achieved 
somewhat earlier, at t = rig c 0. This provides us with 
an extra free parameter 

Now, the ignition ( p , ,  T,) and stagnation (pOm, Tom) para- 
meters are related as 

Porn PO(O) = q3po(tig) E q3ps (19) 

To, = To(0) = q2To(ti,) E q2Ts 

P o m R m t s  = q2PsRigts E q2PsRs = q2Hs 

(20) 

(21) 

The implosion velocity of the outer fuel edge at ignition 
is given by 

(22) R(tig) = -&(l - q-2)1/2 

Note that, in actual implosions with q > 1 ,  the stagnation 
parameters R,, pOm, To, may never be reached because 
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the fuel explodes on a time-scale much shorter than I ti, I . 
In such cases, the quantities R,, porn, To,, POm should 
merely be regarded as convenient interim parameters 
simplifying the calculations. 

Thus, according to our model, the fuel state near the 
time of ignition is fully specified by the values of the 
following six parameters: 

u i m  [ io7 cm/sl, H, [g/cm21, T, [kev], a ,  t ; , ,  4 (23) 

The velocity U, given by Eq. (9) differs from what is 
usually meant as the implosion velocity U,,. We relate 
U,, to U, by assuming that the kinetic energy of the cold 
fuel in the limit t - -w is iM,U;,, where M, is the 
mass of the cold fuel given by the second term in brackets 
on the right hand side of Eq. (14). Then, from Eqs (14) 
and (15), we obtain 

Explicit expressions for the key quantities in the solu- 
tion (1)-(9) in terms of the six basic parameters (23) can 
be obtained as follows: 

First, we notice that Eqs (9), (20), and (24) yield 

Here and below, in all practical formulas the values of 
T,, H,, and Vi, are in units given by Eq. (23). Equating 
the pressure 

P ( t S  - 0) [Mbar] = 772p,T, 1 ( 4) 
of the hot fuel to the pressure 

P([, + 0) [Mbar] = 2.18ap,5’3w,513 (27) 

of the cold fuel at the hotlcold interface t; = t ; ,  ( p ,  is in 
g/cm3), we calculate the value of the spark density: 

The outer fuel radius at ignition is given by 

R. = i!!L (29) 
PSE, 

‘g 

Using Eqs (18), (19), (21) and (24) to calculate R,, pom 
and U,, we obtain the following expressions for the mass 
M and the energy E of the DT fuel: 

a3q ”(H, T,)3 
M [mg] = 163 A M  

E [MJ] = 0.813 A E  

U;: 

a3q12(H,Ts)3 
ut: 

where 

(33) 

The areal density of the cold fuel at ignition can be 
expressed as 

(34) Hs Ts 
G m  

H, [g/cm2] = 5.43q2 - AH 

where 

(35) 

The dependence of A M ,  AE, and A H  on t ; ,  is illustrated in 
Fig. 2. Equations (30)-(35) serve as the basis for the 
scaling relationships to be derived below. 

2 
1 < 

1000 

100 

10 

1 
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63 

FIG. 2. Dimensionless functions AM, A,, A,, QM, and Q, as dejned 
by Eqs (32), (33), (35), (54), and (55) plotted versus fractional spark 
radius &for  two values of the parameter 0: solid curves - 0 = I ,  
dashed curves - 0 = 2. In both cases, AM coincides with AE, and 
Q M  coincides with Q E  within the thickness of corresponding curves. 
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3. SCALING RELATIONSHIPS 

3.1. Ignition at a fixed threshold 
for spark parameters 

The simplest criterion for ignition that was used 
in most of the earlier publications on the gain scaling 
[2, 5-7, 9-1 I] is to assume that the DT fuel ignites upon 
reaching certain fixed values of the spark temperature, 
T,, and areal density, H, = p,R,.  Here, we slightly 
modify this criterion to 

T, > 5 keV 

H,T, = 2 g-cm-2.keV 

On the one hand, a fixed value of the product H,T, 
corresponds to a physically more adequate threshold for 
spark ignition than separately fixed values of H, and T, 
[15, 191 because it accounts for hot narrow sparks which 
initially dissipate (evolving with approximate conserva- 
tion of the H,T, products; see Appendix A) because of 
the electron heat conduction and ignite only later. On the 
other hand, the key expressions (30), (31), and (34) con- 
tain H, and T, in the combination H,T, only. 

If we restrict our analysis to implosion velocities 
Vi, I 5 x lo7 cm/s and fractional spark radii 4 ,  5 0.5, 
then the weak dependence of AM, AB, and AH on Q can 
be ignored, and the fuel mass M ,  energy E, and the cold 
fuel areal density H, in Eqs (30), (31), and (35) become 
fully factorized functions of the six basic parameters (23). 
Moreover, the two functions A,([,) and AE([,) are 
practically equal in this parameter region (Fig. 2) and 
both achieve minima AM,,in = LIE,,," = A, = 150 at 
4 ,  = 0.34. Combining this result with the ignition 
criterion (36) and assuming q = 1 (ignition at stagnation), 
from Eq. (30) we obtain the following expression for the 
minimum DT mass that can be ignited at a given implo- 
sion velocity U,,: 

CY3 Mmin [mg] = 2 x io5 12 
U, ,  

(37) 

Equation (3 1) yields the required minimum energy invest- 
ment in the DT fuel, 

CY3 Emin [MJ] = lo3 -- 
U& 

As might be expected, the exponents of CY and U,, in the 
last formula coincide with those derived earlier by 
Murakami and Meyer-ter-Vehn [16] on the basis of the 
isobaric approximation. A major disagreement of this 
scaling with the Livermore results is in the value of the 
U,, exponent, which, according to Refs [3, 41, must be 
-5 instead of -10. 

(38) 

The thermonuclear energy gain with respect to the 
energy E invested in fuel can be evaluated as 

(39) 
M 

Gf = EDTfb  

where cDT = 3.4 X lo5 MJ/g is the specific fusion 
energy, and fb is the burn fraction. If, following 
Refs [20, 211, we use a simple approximation: 

, Ho = 7 g/cm2 HC 
fb = H, + Ho 

for the burn fraction, we calculate a family of gain curves 
shown in Fig. 3. Each of the three gain curves was 
obtained for a fixed value of U,,, marked as a curve 
label, by varying the fractional spark radius 4,; the 
remaining parameters of the model were fixed at 

H,T, = 2 g.cm-'.keV, CY = 2,  q = 1 

The envelope of the three gain curves shown as the 
dashed line G; oc in Fig. 3 is the limiting gain 
curve. If fb were constant, the limiting gain would 
scale as G; oc E"'. Since, however, H, decreases with 
increasing U,, (see Eq. (34)), GF falls off more steeply 
than E"5 with decreasing E. 

Analytically, the limiting gain G; in the case of igni- 
tion threshold (36) can be evaluated as follows: 

From Fig. 3 we infer that the envelope of the 
gain curves for different values of U,, corresponds 
to E ,  2: 0.2, which implies A M  = AE = 300 and 
AH = 6.0. From Eq. (4) we find that, when 

I ' """" ' " 1 " " '  " ~ ~ ' " "  a "'""' ' " " " ' I  

lo-' 1 10 io2  103 i o 4  

fuel energy  E (kJ) 

FIG. 3. Gain curves calculated from Eqs (30), (31), (39), and (40) 
for three values of the implosion velocity U,, = 3,  4 and 5 (in units 
of IO' cm/s) by varying the fractional spark radius and assuming 
an ignition threshold of H,T, = 2 g.crK2.keV. Dashed line shows 
the limiting fuel gain Gf'. 
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3 x lo7 cm/s I Vi, I 5 x lo7 cm/s, the values of H, 
range from 2.5 g/cm2 to 7 g/cm2. Within this range, 
Eq. (40) can be approximated as 

fb = o.16H:'6 (41) 

where Hc is in g/cm2. Then, from Eqs (30), (31), (34), 
and (41) we calculate 

G; = 1.5 x 104 (H, ~ , ) - 0 . 3 6 ~ - 2 . 6 4  

where E is in MJ, H, in g/cm2, T, in keV. For q = 1, the 
only significant difference between Eq. (42) and the 
expression for G; derived by Meyer-ter-Vehn [7] is the 
numerical factor, which is 1.6 times higher in our case, 
because of a more realistic pressure profile in the DT fuel 
at the time of stagnation. 

3.2. Ignition criterion allowing for the inertia 
of the cold fuel 

By its physical meaning, the ignition criterion based on 
fixed threshold values of T, and H, is adequate for a bare 
DT sphere but not for a thermonuclear spark surrounded 
by a layer of cold DT. As was explicitly noted in 
Refs [8, 14, 151, the ignition threshold for H, is lowered 
by the tamping effect of the cold fuel and, in particular, 
decreases with the increasing density contrast pc/p,. 
Here, we reconsider the condition for spark ignition in 
terms of our model and demonstrate that an appropriate 
modification of this criterion has a considerable impact on 
the scaling of the minimum ignition energy E,, with the 
implosion velocity Vi,. 

In this section we restrict our discussion to the case of 
ignition at stagnation, i.e. we assume q = 1 when using 
the relationships from Section 2. From Eq. (8) we infer 
that the effective time of inertial confinement around the 
moment t = 0 is 

(43) 

The DT fuel in the spark undergoes a thermonuclear flare 
whenever the net energy release during the period of con- 
finement becomes comparable to the initial energy con- 
tent of the DT plasma. Assuming flat temperature and 
density profiles across the spark region and taking into 
account the relevant heating and cooling mechanisms, we 
can approximately express this condition in the form of 
the following local relationship at the spark centre: 

3 
(44) CQ, - Qbr - QecIAtc = T ( ~ D  -t 1 2 ~  i- nATs 

where 

is the bremsstrahlung cooling rate, and 

(47) 

is the cooling rate due to the electron heat conduction. 
In Eq. ( 4 3 ,  fa is the reduction factor due to the escape 
of alpha particles. By solving the transport equation in the 
approximation of straight trajectories, we calculate 

(1 - [ l  - (1 - n)Hs/HalA, Hs < (1 - n)-'H, 

H, 2 (1 - n)-'H, 

(48) 

at the centre of a uniform sphere; here, €,/Ha is the 
stopping power of the DT plasma for alphas at their 
birth energy E, = 3.52 MeV, and n is the exponent in 
the dependence of the stopping power, de,/& cc E:. A 
good fit to more rigorous formulas [22] at 5 keV s T, 
5 30 keV, p ,  = 30-50 g/cm3 is obtained with n = 0 
and 

H, [g/cm2] = 0.02T,',2 (49) 

In contrast to the situation with Q, and Qb,, we need 
more detailed assumptions on the temperature run across 
the spark region in order to evaluate the heat conduction 
losses Qec. In Eq. (47) we used the factor {:/2 = 1.744 
calculated from the self-similar solution described in 
the Appendix; for the conduction coefficient K,, the 
Spitzer formula [23] with the Coulomb logarithm 
In A = 5 is used. For the subsequent discussion it will be 
convenient to rewrite Eq. (44) in the form 

where we have introduced a numerical factor /3, of 
order unity, allowing for the uncertainty inherent in 
condition (44). 

First of all, we notice that the left hand side of Eq. (50) 
is a function of T, and H, only (as long as the weak 
dependence of the Coulomb logarithms on p ,  can be 
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- - ---A; 0.1 , , ' I  , I l l  I 

4 6 8  2 4 10 
spark temperature  T, ( k e V )  

FIG. 4. Solid curves: ignition boundary for spark parameters as 
dejned by Eq, (50) for three different values of the right hand side 
of this equation (in units of lo7 cm/s). To the right of the dashed 
curve b, the alpha particle heating Q, exceeds the bremsstrahlung 
cooling Qb,. Above the dashed curve c the alpha particle heating 
Q, exceeds the heat conduction cooling Q,,. 

ignored), while its right hand side depends exclusively on 
U,, and 4,. Thus, for any pair of the U,, and 4 ,  values, 
Eq. (50) defines an ignition boundary in the T,, H, plane 
(solid curves in Fig. 4). Generally, one can distinguish 
three branches along such an ignition boundary: (i) a 
radiative branch (approaching the dashed curve b in 
Fig. 4), where Q, = Qbr; (ii) a conduction branch 
(approaching the dashed curve c in Fig. 4), where 
Q, = Qec; and (iii) an inertial branch (above and 
between the dashed curves in Fig. 4), where Qbr << Q, 
and Q,, << Q,. In the limit of prolonged confinement, 
U,,[, << lo7 cm/s, the inertial branch disappears, the 
ignition boundary is defined by the heating and cooling 
equilibrium, Q, = Qbr + Q,,, and the minimum 
threshold value of H,T, is independent of either U,, 
or 4,. In the opposite limit of high implosion velocities, 
U,,~, >> lo7 cm/s, implying short confinement times, 
the product H,T, as a function of T, has a minimum at 
the inertial branch, where the bremsstrahlung and 
conduction energy losses are negligible; asymptotically, 
the minimum value of H, T, becomes directly propor- 
tional to Ul,[,(4M/4E) liZ. 

Clearly, the above analysis based on condition (44) is 
only semi-quantitative. To find out precisely what igni- 
tion regime pertains to situations of interest here, a series 

of one dimensional hydrodynamic simulations starting at 
the time of stagnation has been carried out. The DEIRA 
code [ 181, employed for these simulations, has different 
electron and ion temperatures and accounts for the 
electron heat conduction with a proper flux limit. 
Separate diffusion equations for the energy densities of 
radiation and 3.5 MeV alpha particles are solved to 
approximate the energy transport by these agents. The 
initial state of the DT sphere in each numerical run was 
assigned according to the self-similar solution (1)-(9) at 
time t = 0. Numerical simulations have unequivocally 
demonstrated that, for spark temperatures 7 keV 5 T, 
5 12 keV, the ignition threshold for H,T, is directly 
proportional to the implosion velocity U,,, when 
U,,,, 1 3 X lo7 cm/s and 4 ,  2 0.25. Evaluating the 
proportionality factor from these simulations, we arrive 
at the ignition criterion: 
( T, L 7 kev 

It should be emphasized that Eq. (51) gives not just the 
ignition threshold for the product H, T,, but its minimum 
value along the ignition boundary, which typically occurs 
at T, = 7-10 keV, and that this criterion applies only for 
high enough implosion velocities, Vi,[, 5 IO' cm/s. 

On substituting the ignition threshold for H, T, from 
Eq. (51) into Eqs (30) and (31), we obtain the following 
expressions for the minimum mass and energy of the DT 
fuel that can be ignited at a given implosion velocity: 

(53) 

(54) 

(55) 

Similar to A M  and A E ,  the functions 'kM(Q,ts) and 
4,) are practically equal and independent of Q for 

Q 2 1. The plots of ' k M ( l , )  = *E((,) for Q = 1 and 
Q = 2 are shown in Fig. 2. Note that the scaling (53) is 
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FIG. 5. Gain curves (solid curves with black dots) calculated for 
three implosion velocities with the one dimensional code DEIRA by 
varying H, for fired T, = 7 keV and 4, = 0.33. Short dash curves 
give the analytic results obtainedfrom Eqs (391, (40), and (51). Long 
dash line is the limiting fuel gain Gi. 

much closer to the Livermore results [3, 41 than the 
Eq. (38) from the previous section. 

Figure 5 shows the three gain curves calculated with 
the DEIRA code in the full treatment of the relevant 
physical processes for the values of the implosion velocity 
U,, = 3, 4,  and 5 x lo7 cm/s. Each gain curve was 
obtained by varying the spark areal density H,; the fuel 
sphere was initialized according to the solution (1)-(9) at 
t = 0. The rest of the model parameters were fixed at 

T, = 7 keV, CY = 2, q = 1, 4 ,  = 0.33 

Analytic results, calculated by substituting the ignition 
criterion (51) into Eqs (30), (31), (34) and (39), are 
shown as the short dashed curves. Apparently, in what 
concerns the scaling of the minimum ignition energy 
E,,, with U,,, a perfect agreement between the analytical 
model and the DEIRA simulations is observed. A slight 
deviation (E,,, cc U-' ,, 23 ) from the E,,, 0: U;: law is due 
to a weak dependence of 'kE on 52, which in its turn 
scales as U2 (see Eq. (25)). 

Equation (53) implies that, besides U,,, the minimum 
ignition energy E,,, depends essentially on CY and 4,. 
While the scaling E,,, cc a3 is perfectly reproduced by 
the hydrodynamic simulations, this is not quite the case 
for the dependence on 4 ,  represented by function 
\kE(ts). As explained above, the ignition criterion (5 1) 
fails at small 5, 5 0.2, as the threshold value of H,T, 
approaches a finite limit for t s  - 0. As a consequence, 
the ignition energy E,,, considered as a function of 5, for 
fixed U,, and CY has a minimum at 5, = 1/3. Also, one 

dimensional simulations indicate that beyond this mini- 
mum, at 5, > 113, E,,,(~,) rises somewhat less steeply 
with 4 ,  than is predicted by Eq. (55). 

The limiting gain G; can be calculated by using the 
same arguments as in Section 3.1. Now, the values of 
H, given by Eq. (34) range from =1.5 g/cm2 to 
-2.5 g/cm2, and the burn fraction can be approximated 
as 

fb = 0.13Hp.8 (56) 
After the ignition threshold (51) has been substituted into 
Eq. (34), Eqs (39), (53), and (56) yield 

G; = 1.8 x 104 ($)0'4 (57) 

where E is in MJ. This scaling of G; with E is not much 
different from G; cc calculated in Section 3.1 for 
fixed values of the product HsT,.  As is shown in Fig. 5, 
the DEIRA simulations exhibit somewhat less steep 
dependence, G; 0: 

3.3. Limitations due to the hydrodynamic instabilities 
and drive asymmetries 

The scaling laws (53) and (57) were derived solely on 
the basis of the ignition condition in inertially confined 
DT microspheres. They should apply in the most general 
case, when no other restrictions are imposed by, say, 
specific features of the drive scheme, hydrodynamic 
instabilities, fuel preheat, etc. In this section, we consider 
how these scaling relationships may be affected by the 
limitations due to the Rayleigh-Taylor instabilities and 
the large scale non-uniformities in the driving pressure. 

To perform the necessary estimates, we have to make 
certain assumptions on the implosion scheme. Having in 
mind fusion capsules driven by thermal X rays, we 
assume that a DT shell of mass M, in the initial solid 
state is surrounded by an ablator of mass 

Ma = aM, (58) 

Suppose also that the implosion occurs in the hydro- 
dynamically most efficient way, i.e. all the ablator mass 
is evaporated by the end of implosion and the initial 
ablator/fuel mass ratio is near its optimal value a = 4-5 
[24], for which the hydrodynamic efficiency is 
maximum. 

We shall distinguish two phases of the implosion: the 
prepulse phase and the main pulse phase. In the prepulse 
phase illustrated in Fig. 6, the driving pressure rises from 
Po to its main pulse value, PI, in such a way as to set the 
DT shell on the required isentrope with a given value of 
the parameter CY. It is assumed that, by the end of this 
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phase (Fig. 6(c)), the inner edge of the fuel shell remains 
at practically its initial position, r = R I .  For simplicity, 
we also assume that the ablator obeys the same equation 
of state, 

P = Kap5l3 (59) 
as the DT fuel (which is approximately true for plastic 
ablators at high pressures, P 5 50-100 Mbar), where K 
is a constant equal to 2.18 for P in Mbar and p in g/cm3. 
At the onset of the main pulse (Fig. 6(c)), all the fluid 
elements of the fuel plus ablator shell have approximately 
the same acceleration, g = p-’ (aP/ar) ,  which by virtue 
of Eq. (59) implies 

/? ,, \ 312 

p (r )  = (E ( r  - R I ) )  5 K a  

c, = R. 
Rs 

FIG. 6. Schematic view of the prepulse phase of implosion of a fusion 
capsule: (a) initial conjguration offuel plus ablator shell: (b) a rela- 
tively weakjrst shock controlling the entropy parameter 01 is launched 
into the shell; IC) the driving pressure reaches its peak value P, and 
the main pulse begins. 

P t  

rl c r1a r 
FIG. 7. Schematic view of radial density proj le  in the fuel plus 
ablator shell at the beginning of the main pressure pulse. 

This density distribution is illustrated in Fig. 7.  Since the 
thicknesses rlc  - RI and r la  - rlc of the compressed DT 
and ablator shells are typically small compared to R I ,  
their masses can be expressed as 

312 

M, = 4nR: (i)5’2 (A) ( r l c  - R1)5’2 (61) 

Ma + M, = (1  + a)M, 

In general, the Rayleigh-Taylor instability at the abla- 
tion surface imposes limits on the inflight aspect ratios of 
ablatively imploded spherical shells [12, 13, 251. In our 
case, the relevant inflight aspect ratios of the cold fuel and 
the ablator are, respectively, 

Since we want to avoid the rupture of the ablator shell, 
a simple way of accounting for the constraints due to the 
Rayleigh-Taylor instability is to assume a certain fixed 
value of A,. On the other hand, Eqs (58), (61), (62), and 
(63) yield 

(64) A, = A,[(1 + C Z ) ” ~  - 11 

which means that in optimized implosions with 
a = 4-5 we have A, A,; consequently, it can be 
assumed that the same limit applies to both A, and A,. 
Assuming that the DT shell attains the implosion velocity 
U,, after it has been accelerated during the main pulse 
phase with a constant acceleration 

over a half of its initial radius R I ,  from Eqs (59), (60), 
and (65) we evaluate the driving pressure: 

1 + a U,”, PI [Mbar] = 3.14 x lo3 7 (y312 
C 

and the shell radius: 
1 / 2 ~ 1 / 3  

R I  [mm] = 0.136A:l6 
v i m  

for the beginning of the main pulse phase; here, M, is in 
mg. 

Taken alone, an upper bound on the inflight aspect 
ratio A ,  implies a lower limit on the driving pressure PI  
and an upper limit on the initial fuel radius R I ,  but does 
not affect the scaling laws (53) and (57). The situation 
changes, however, when we take into account a limit on 
the radial convergence ratio. In our case, it is convenient 
to introduce two convergence ratios, 
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R 
CO = R' R, and C, = 1 

R, 
where Ro and RI are, respectively, the outer ablator and 
the inner fuel radii of the fusion capsule in its initial state 
(see Fig. 6), and R, is the spark radius at ignition. Non- 
uniformities in the driving pressure associated with low 
angular modes impose an upper limit of 30-40 on 
possible values of CO [ 131 ; for simplicity, we assume that 
this limit does not depend on other implosion parameters. 

From Eqs (67) and (68) ,  we calculate 

(1 - 4 f ) h . I  C1 = 0.622 
4Es 

U?,] co=c, I +  - - [ (1;:) CY3/2 

In deriving Eq. (70), it has been assumed that the initial 
density of the DT shell is 0.224 g/cm3, while the initial 
ablator density is a factor of a I: 4 higher, i.e. that the 
DT and the ablator shells have approximately equal initial 
volumes. The two convergence ratios CO and CI practi- 
cally coincide when the initial thickness Ro - RI of the 
fuel plus ablator shell is small compared to its radius R I ,  
or, in other words, when the initial aspect ratio, 

-1 14.8 
Ro - RI 

(71) 

is large. The condition A. >> 1 may be cast in the form 

14.8 ' I 3  
CY >> (y) U?, 

/ *c / 
Apparently, in the opposite limit of initially thick target 
shells, one should distinguish between CO and CI. Note 
that, even when A. 2: 1, the inflight aspect ratios, 
A ,  = A,,  are typically much greater than unity. 

A remarkable fact is that the ratio CI/A;I6 depends 
only on 4 ,  and q. In the range of practical interest, 
0.3 s 4, s 0.6, the term in large parentheses in 
Eq. (69) is a weak function o f t , ,  and to a first approxi- 
mation C1/A2I6 is inversely proportional to the product 
44,. For ignition at stagnation, when q = 1, fixed values 
of CI and A ,  imply a fixed value of 4,. From this we 
conclude that the scalings (53) and (57) derived in 
Section 3.2 are not affected by the constraints due to the 
hydrodynamic instabilities and drive asymmetries when 
the initial aspect ratio of the fusion capsule A. >> 1, 
i.e., when condition (72) is satisfied. 

In the opposite case of initially thick capsule shells - 
a typical case for the values of CY close to 1-2 - we should 
assume fixed values of A ,  and Co. As a consequence (see 
Eqs (70) and (69)), 4 ,  becomes an increasing function of 

the ratio U?,/CY. Since 'IfE in Eq. (53) is an increasing 
function of 4 ,  (Fig. 2), we obtain a weaker dependence 
of E,,, on CY and U,,,, than indicated by Eq. (53). Unfor- 
tunately, no well defined power law scaling of E,,, and 
G; with CY and U,, can be established in this region, 
partly because the second term in brackets in Eq. (70) is 
of order unity and partly because the dependence of E,,, 
on E ,  in Eq. (53) is not a power law. This is clearly illus- 
trated by Fig. 8, where three families of gain curves 
calculated with the DEIRA code for three different values 
of CY are plotted. The one dimensional simulations have 
been conducted in the same way as described in 
Section 3.2. The only difference from the DEIRA curves 
in Fig. 5 is that each gain curve in Fig. 8 is characterized 
by its own value of the fractional spark radius ts, 
calculated from Eqs (69) and (70), so as to keep CO = A, 
= 30. These values of 4, are listed in Table I. 

. .  

1 10 7 02 1 o3 104 
fue l  energy (kJ) 

FIG. 8. 7"nree families of gain curves calculated with the DEIRA code 
for three values of entropy parameter a. Each gain curve has its own 
value of the fractional spark radius 5, calculated from Eqs (69) and 
(70) for fixed values of the fuel inflight aspect ratio A, = 30 and the 
capsule convergence ratio CO = 30. For different values of a we 
obtain different scalings of the limiting fuel gain G; with the input 
energy E (dashed lines). 

TABLEI. FRACTIONAL SPARK RADII 4 ,  AS 

A, = 30, q = 1 AND DIFFERENT VALUES OF CY 

AND U,, 

CALCULATED FROM EqS (69) AND (70) FOR CO = 

U,, (10' cm/s) a = l  f f = 2  f f = 4  

3 
4 
5 

0.531 0.457 0.408 
0.602 0.517 0.447 
0.657 0.571 0.490 
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From Fig. 8 we infer that the scaling of E,,, with 
U,,, and of Gf' with E changes from E,,, a UZ6, 
Gf* a Eo 78 for a = 1 to E,,, a U2 9, G; cx Eo 44 for 
a = 4. Also, the scaling of E,,, with a changes from 
E,,, cx for U,, = 3 x lo7 cm/s to E,,, a a'4 for 
U,, = 5 x lo7 cm/s. To compare these results with the 
Livermore scaling, first of all note that in different Liver- 
more publications the reader finds rather different 
formulas: E,,, a a3Uv;," in Ref. [2], E,,, 0: a4U2 in 
Ref. [3], E,,, cc a' 'U2  in Ref. [4]; the scaling of Gf; 
ranges from Gf; 0: E2'3 in Refs [2, 31 to Gf; 0: in 
Refs [ I ,  41. In light of the above discussion, the most 
natural explanation for such a scatter would be that the 
Livermore results refer to initially thick shells, for which 
no well defined power law scaling can be established in 
general. A reasonable agreement between the predictions 
of the present model and the most recent scaling quoted 
by Lindl [4] is observed for values of a somewhere 
between 1 and 2, and U,, = 4 x lo7 cm/s. 

Finally, it is interesting to note that, after the value of 
4, has been fixed by fixing CO and A,,  we are left with 
the product H,T, as the only free parameter to construct 
a family of implosions corresponding to given values of 
a and U,, but with varying fuel mass M and igniting at 
stagnation (with q = 1; see Eqs [30,31]). However, there 
is an upper limit to possible values of H,T, that can be 
achieved in thermonuclear sparks by the time of stagna- 
tion because of the increasing role of radiation and heat 
conduction losses 1191. As a consequence, spark ignition 
of large enough DT masses can be arranged only in flight 
(before the stagnation), with parameter q > 1 - hence 
the need for this parameter in the general case. 

4. CONCLUSIONS 

In contrast with the analytic gain models for ICF 
targets published earlier, we have employed a self-similar 
solution of hydrodynamic equations to approximate the 
dynamical behaviour of the DT fuel near the time of igni- 
tion. This solution provides a suitable parametric descrip- 
tion of spark ignited fuel configurations which is more 
accurate than the previous schemes based on either the 
isochoric [5, 61 or isobaric [7, 8, 111 approximations. We 
use this parametrization to examine the behaviour of the 
gain curves constructed for fixed values of the cold fuel 
entropy parameter a and implosion velocity Ui,, and to 
derive the scaling of the ignition threshold Emin with a 
and Ui,, and of the limiting fuel gain G; with E (E is the 
energy invested in the DT fuel). 

Our main result concerns the role of the ignition 
criterion in establishing the proper scaling of Emin and 

G;. If, following the previous authors [5-7, 9-11], we 
assume fixed values of the spark temperature T, and 
areal density H, = p,R, at ignition, we recover the same 
scaling E,,, a a3U;do [16], Gf' a EO3 [7] as was 
obtained in the isobaric model; only the numerical factors 
are somewhat different. However, a fixed value of H, is 
not an adequate criterion of inertial confinement for a 
thermonuclear spark surrounded by cold fuel because it 
does not account for the tamping effect of the latter. We 
find instead that, along the relevant portion of the ignition 
boundary, the threshold value of the product H,T, is 
directly proportional to the implosion velocity U,,. As a 
result, we derive the scaling E,,, cx a3U;,7, which is 
confirmed by the one dimensional simulations with the 
DEIRA code and is in better agreement with the Liver- 
more scaling [4] than the results of the isobaric model. 

The effect of stability and symmetry constraints on the 
scaling of E,,, and GF is investigated by assuming fixed 
values of the ablator inflight aspect ratio A ,  and the full 
convergence ratio Co. It is shown that the scaling in 
question is not affected at all in the limit of large initial 
aspect ratios of fusion capsules A. >> 1, but becomes ill 
defined when A. = 1. In particular, the scaling of G; 
with E in the latter case turns out to be rather sensitive to 
the value of the entropy parameter a ,  and only for 
a = 1-2 a fair agreement with the latest Livermore 
scaling [4] is observed. If this agreement is not spurious, 
it may be concluded that the stability and symmetry con- 
straints should have a considerable effect on the gain 
scaling for the family of targets simulated at Livermore. 
On the other hand, the absence of comprehensive agree- 
ment implies that either these constraints cannot be 
adequately described by simply assuming constant values 
of A,  and CO, or there are other physical effects (such as 
the fuel preheat by the hard part of X ray spectrum or 
suprathermal electrons [2]) that significantly modify the 
scaling derived in Section 3.2. 

Appendix 

SELF-SIMILAR SOLUTION 
FOR AN ISOBARIC THERMONUCLEAR SPARK 

DISSIPATED BY HEAT CONDUCTION 

Consider a spherical bubble of hot gas surrounded by 
an infinite shell of the same gas at a very low temperature. 
The initial parameters of the bubble are assumed such that 
the sonic timescale t ,  = R/c, is much shorter than the 
timescale tec = TIT of temperature decay due to the heat 
conduction into the cold surrounding. Then, the thermal 
decay of such a hot spot proceeds at a constant pressure 
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P and is governed by the equations of mass and energy 
balance: 

ap 1 a - + - - (pur2)  = 0 
at r2 ar (73) 

Assuming an ideal gas equation of state, 

1 P KT p = K p T ,  E = - - - -  - 
Y - l P  7 - 1  

and making use of the condition P = const, we can inte- 
grate the energy equation (74) and reduce it to the condi- 
tion of zero net flux of enthalpy: 

(75) 

By eliminating the velocity U between Eqs (73) and (76), 
we obtain an effective 'conduction' equation 

(77) 

governing the temperature evolution in the hot bubble, 
which is quite distinct from the usual equation of heat 
conduction. 

If heat conduction is the only mechanism of energy dis- 
sipation, the total energy in the bubble 

1 4T E = -  P - R3 
y - 1  3 

should be conserved; hence, for constant pressure P,  the 
radius of the bubble R remains constant, as well. The hot 
bubble decays by ablating inwardly the surrounding cold 
matter: its mass increases and the temperature goes down. 
Accordingly, having assumed a power law dependence, 

K = KOT" (79) 
for the heat conduction coefficient, we look for a self- 
similar solution of Eq. (77) in the form 

(80) 
r l = - 

R, 
T(t, r )  = To(t)r(l), 

TABLEII. THE VALUES OF l o  AND r1 /2  FOR 
DIFFERENT n IN THE SELF-SIMILAR SOLUTION 
(80)-(82) 

n 0 1 2 2.5 3 6 

CO 3.2737 2.0149 1.5617 1.4247 1.3181 0.96475 
(,,2 1.8467 1.5946 1.4006 1.3204 1.2495 0.95815 

where R, is a constant length scale. The eigenfunction 
r ( l )  is supposed to be normalized to r(0) = 1, so that 
To(t) is the temperature at the bubble centre. The separa- 
tion ansatz for Eq. (77) is 

Here we used the freedom associated with the choice of 
R, to set the separation constant equal to - 1. The solu- 
tion to the temporal part of Eq. (81) is 

where TOO = To(0). The eigenfunction r ( l )  is found 
numerically by solving the spatial part of Eq. (81) with 
the boundary conditions r(0) = 1, ~ ' ( 0 )  = 0. It vanishes 
at { = lo, which relates the bubble radius R = loR, to 
the length scale R,. For practical applications, one might 
prefer to define the radius of a thermonuclear spark as the 
radius = 1112R* where the temperature drops to one 
half of its central value, i.e. where r( l l12)  = 1/2. The 
values of lo and rliZ calculated for selected values of n 
are listed in Table 11. For large n the difference between 
11,2 and lo becomes negligible. The conduction cooling 
rate at the centre of the hot bubble can be expressed in 
terms of either R or Rl12, 

(83) 

The isobaric approximation is justified for subsonic 
motions with J u J  << c,. Using Eq. (76) to evaluate the 
fluid velocity U, we can write this condition as 

For a thermonuclear spark in the DT plasma with Spitzer 
conductivity (n  = 5/2, lnA = 5) [23], Eq. (84) yields 

H, [g/cm2] >> 1.59 X 10-4T,2 (85) 
which is always satisfied in the vicinity of the ignition 
boundary, 
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