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1 INTRODUCTION

The physical and mathematical model presented below has been formulated with the aim to create a one-
dimensional (1-D) numerical code for simulating inertial confinement fusion (ICF) targets driven by beams
of fast ions. The target geometry may be of one of the following three types: plane-parallel, cylindrical,
and spherical. It is assumed that such a target can be irradiated by ion beams only strictly symmetrically
within the prescribed geometry, and that the ions propagate along the target radii. An arbitrary mixture of
the deuterium, tritium, helium-3, hydrogen, and boron-11 isotopes can be used as a thermonuclear fuel. In
particular, our model includes:

1) equations of one-dimensional single-fluid two-temperature (2-T) dissipative magnetohydrodynamics
(MHD) with the electron and ion heat conduction and the ion physical viscosity;

2) diffusion equation for the axial component of the magnetic field; the MHD option is restricted to the
plane-parallel and cylindrical geometries only, and only the magnetic field component perpendicular to the
radial direction (i.e. along the cylinder axis in the cylindrical case) is treated;

3) diffusion equation for the energy density of radiation in the approximation of one frequency group (the
approximation of a separate radiation temperature);

4) three diffusion equations for the energy densities of the three species of fast charged fusion products,
namely, the 3.5-MeV alpha particles, the 3-MeV protons, and the 14.7-MeV protons;

5) four nuclear burn equations for the relative abundances of the deuterium, tritium, 3He, and 'B
isotopes;

6) stopping equation for the propagation of fast ions in the approximation of straight-line trajectories.

The energy deposition by slow charged fusion products with short ranges, for which no diffusion equations
are solved, is included as a local heat source. For the non-local heating by any of the two sorts of fast neutrons
two options are provided: the approximation of first scattering and the approximation of uniform heating;
note that in the present model the heating by thermonuclear neutrons is evaluated for the central fuel sphere
only.

The equation of state is supposed to be given in the form of functions P.(V,T.), Pi(V,T;), €.(V,T.), and
€;(V,T;), where P., P; and €., ¢; are, respectively, the electron and the ion components of the pressure and
the internal energy (per unit mass), V' = 1/p is the specific volume. As a basic option, the equation of
state from Ref. [1] is used in a tabular form; it approximates realistic properties of materials in the region
of strong coupling, treats properly multiple ionization of atoms (both pressure and thermal), and accounts
for the Fermi degeneracy of the electron gas at high densities.

To solve the hydrodynamic equations numerically, an explicit finite-difference scheme with artificial vis-
cosity is used on a Lagrangean mesh. For all the diffusion equations and the heat conduction terms in the
hydrodynamic energy equations, a linearized implicit scheme is used, in which the values of heat capacities
and transport coefficients are taken from the previous time step.

2 NOTATION AND UNITS

The target to be simulated is assumed to consist of n different planar, cylindrical, or spherical shells (layers).
Its geometry is specified by the value of parameter s: s = 0 — a planar target, s = 1 — a cylindrical target,
s = 2 — a spherical target. Below we assume that all the quantities should have a subscript corresponding
to the shell number, which is omitted for brevity. Except for shells containing thermonuclear fuel, matter in
each target shell is assumed to consist of atoms of a single element with atomic number Z and atomic mass
A (different shells may have different A and Z). The mean degree of ionization (the mean number of free
electrons per atom) is denoted as y, and is assumed to be a known function of density p = 1/V and electron
temperature Tt.
In target shells containing thermonuclear fuel, the following fusion nuclear reactions are accounted for:

D+ T — *He (3.52 MeV) + n (14.07 MeV), (2.1)
D + D — 3He (0.82 MeV) + n (2.45 MeV), (2.2)
D+D — T (1.01 MeV) + p (3.02 MeV), (2.3)
D + 3He — “He (3.67 MeV) + p (14.68 MeV), (2.4)

H+ 1B — 3%He (8.682 MeV). (2.5)



DEIRA-4 4

We treat the H+!'B reaction in a simplified manner by assuming that all the energy of this reaction
(8.682 MeV) is released in the form of 3.5 MeV alpha particles.

When describing matter which undergoes nuclear transformations, it is convenient to imagine that it
consists of identical “molecules”, with each “molecule” containing Xj atoms (nuclei) of species k. The
total number of such imaginary “molecules” in each target shell is arbitrary: it is defined by the initial
normalization of concentrations Xj. Later on, in the course of nuclear transformations of one species into
another, the number of “molecules” in each Lagrangean mass interval remains constant: only concentrations
X, change. It is convenient to introduce a “molecular” mass A,,, defined as

Aol = Z X Ag. (2.6)
k

This quantity changes only little in the course of nuclear transformations (2.1)—(2.4), and we assume that

Aol = Z XoAg = constant, (2.7)
k

where X are the initial values of the element concentrations. In addition to A,,,;, we will need the
quantities

1 A'I'VLO
Xomot = Y Xko,  Zmot = Y XeoZr, A= Ti, (2.8)
k k mo
ﬁmol = ZX]COZ]%7 S’mol = ZXkOAI;I/2Zk_2a (29)
k p

which allow us to adequately evaluate the transport and relaxation coefficients of a fully ionized plasma
in the fuel layers, where matter can be a mixture of different elements. However, since we assume X,
Anols Zmols - - - to be constant, we neglect the effect of the change in the nuclear composition due to nuclear
reactions on the values of the transport and relaxation coefficients.

It should be noted here that the present model does not provide for the equation of state (EOS) and
rigorous treatment of the transport and relaxation phenomena for mixtures of different elements, i.e. the
EOS in each target layer is always calculated for a single element with certain single values of A and Z.
Hence, a special attention should be paid to a judicial choice of the A and Z values for a given fuel mixture.
For example, if an equimolar mixture of H and ''B is considered, one can choose Z = 5 and A = 9 — so
that a correct value of the total plasma pressure P, + P; is recovered for given p and T, = T; in the fully
ionized state. If, on the other hand, a (H); (}'B);; mixture is considered, a more adequate choice might be
Z =1, A=11/7, where again the value of A is chosen such as to obtain a correct value of the total plasma
pressure P, + P; in the fully ionized state. Note that from the EOS we always obtain a single value of the
ionization degree y = y(p,T.) with 0 < y < Z.

In the shells which contain no fuel (IFMFUQ(I)=0), we assume X,,op = 1, Aot = A = A, Zpot = Z,
Z2 o1 = Z2, Sppot = A™1/2Z72 Then, the general expressions for the number of nuclei ny, of species k, the
number of free electrons n., and the total number of nuclei n,, per unit volume become

Z

2. PZmol (y> P
ng = — )

— = - 2.10
mAAmol ’ e mAAmol fin ( )

where m 4 is the atomic mass unit.
In all the equations below, if not stated to the contrary, the following units are used (the DEIRA units):

t (time) 1078 s = 10 ns

T (length) 107! cm = 1 mm

u (velocity) 10" em s7 = 100 km s7!
p=V-t (density) lgem™3 =1 mg mm~3

B (magn. field strength) 107 Gauss

M, m (mass) 1072 g mm*~2 = 1 mg mm®*2
E (energy) 10" ergs mm®*~2 = 10 kJ mm* 2
P., P, (pressure) 10 ergs cm™3 = 100 Mbar

€es € (specific internal energy) 10 ergs g~ =10 MJ g~ !
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T.,T;,T, (temperature) 1 keV = 1.1604 x 10" K

Qik (nuclear reaction rate) 108 cm3 g7t s71

Qe, Q... (specific heating rate) 1022 ergs g7 s =1 TW mg™!
EryEay - (energy density) 10" ergs cm ™3

Voo, Vei (collision frequency) 108 g1

Ke, Kiy Ky (heat conduction coefficients) 10%° ergs em ™! 7! keV !

Xei> Xer (temperature relaxation coeff-s) 1022 ergs g7t 571 keV !

L (specific resistivity) 1078 s

N scs Mitn (ion viscosity coefl-s) 105 g ecm= ! 57!

Xas Xp3s Xp14  (fusion energy relaxation coeff-s) 108 em? gt 57!

de,dp3,dp1a  (fusion energy diffusion coeff-s) 10% cm? s~

W, (beam power) 10*? ergs s7! mm*~2 = 1 TW mm*~?2
E, (fast ion energy) 1 GeV per nucleus

Sy (stopping power) 1 GeV mm? mg~!

This system of units is self-consistent in the sense that all the equations below, where the values of dimensional
physical constants are not specified as decimal numbers, are valid in any other self-consistent (like CGS)
system of units.

3 DIFFERENTIAL EQUATIONS

3.1 Equations in Eulerian Form

We solve the following system of single-fluid dissipative three-temperature (3-T) MHD equations:
op 1 0

S
-r L, -2 — 1
ot + rs Or (pur®) =0, (3.1)
ou ou 0 10 B & 2
. . = | Pe+ P — Nise—7— s o ry o> g(X & & =
p8t+pu8r+8r{ + ", rsar(ur)+87r+3+3( topst p14)]
1 0 [ o4 0 [u
- s+l a |:’I" nz,tna (7’):| ) (32)
de. e Po1 0 10 (., 0T\ n.(cdB\’
. a_ f) = a_ Se — |\ - a5 - eiTe_/Ti -
ot +u8r+pr36r(ur) pr56r<rﬁ 81") P (47T8T> Xeil )
—Xer (Te - Tr) + Xeaga + XepSng + Xep14gp14 + Qecl + Qen + era (33)
de;  Oe; 10 10 1 0 (. 0T\ niwm [ 0 run]®
Py — i se—7(ur®)| — = (ur’®) = — — | r°A; ; — =
ot +u87‘+ ™, rﬁﬁr(ur )} prsar(ur) prs or (TK 87‘>+ p [Tar (7‘)} +
+XeilTe — Ti) + Xiafa + Xip3Ep3 + Xip1a&pia + Qict + Qin (3.4)
o0&, 0. 4.1 0 10 . 0T,
—&—— (ur®) = —=— | r°&, (T, — 1), 3.5
ot u8r+3 rsar(ur) Tsar(rﬂ 8r>+pxe(e ) (3:5)
oB 1 0 210 0B
4 (Bur®) = — — — | r%p, == ). 3.6
8t+r36r( ur’) 47r7"567"<rm‘8r> (36)
Here n; sc and 7; 4, are the coefficients of the ion (physical) viscosity, defined as
3m+mn, s=0, 0, s=0,
Ni,sc = %T}é, s = ]_’ Nitn = 77%, s = ]_’ (37)
0, s =2, %né, s =2,
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where nj and n¢ are the coefficients of the ion viscosity of the magnetized plasmas as defined by Braginskii [2];
without magnetic field n§ = ni. Then, #., &;, and &, are the electron, k., the ion, &; (both transverse with
respect to the magnetic field), and radiative, k.., heat conduction coefficients corrected for the corresponding
flux limits (see §§ 6.1 and 6.2); n, is the transverse electrical resistivity; Q.o and Q;. are the specific heating
rates for plasma electrons and ions by slow charged fusion products which deposit their energy locally, Q.
and @;, are the corresponding heating rates by thermonuclear neutrons; @4, is the specific energy deposition
by an external power source (the driver). The energy density of radiation is given by

& =aspT?, (3.8)

where agp = 4osp/c Z 1.372 is the radiation density constant related to the Stefan-Boltzmann constant
osp. Here and everywhere below the DEIRA units are used after the symbol =. Equation (3.6) for the axial
magnetic field B has a physical meaning only in the cases of s = 0 and s = 1. It is derived from the system
of two-fluid 2-T Braginskii equations [2] with the Nernst effect being neglected (see Appendix A).

The diffusion equations for volumetric energy densities of the three species of fast charged fusion products
are

08, 0, 5. 10, . 10 [, 0
ot T or + 37%s or (ur®) + pXaba = rs Or (T da or ) +rQa; (3.9)
08  0&s 5. 10 . 18 [, 08
8? +u 8:3 3855, (W) + pXpsEps = - (7“ p3 3:3) + pQys, (3.10)
o€ o€ 5 10 : 10/(, o€
61;14 +u 37:4 + §5p147§ or (ur®) + pxp1a&pra = - or (T p14 811)"14> +pQp1ra- (3.11)

When calculating the diffusion coefficients dy, dp3, and dp14, no flux limits are imposed.
The depletion of the thermonuclear fuel is described by the equations

8XD (9XD 14

— —XpX —92X? - XpX 12
o +u or Am()l( DATYDT D 4DD D HeQDHe)7 (3 )
oXr  O0Xp ) Lo
= —XpX -X 3.13
5 +u o i D TqDT+2 DY4DD | ( )
8XHe aAXVHe 14 1 2
= —XpXHe e+ =X , 3.14
e +u o i DXHe(qDHe T 2 D4DD ( )
6XB 8XB 14 6XH 6XH
- _ XrX = = . 3.15
o " “or Ay TBAHABH = s U (8.15)
Here (o)
ov);
ik = % (3.16)
ma

is the rate of i + k nuclear reaction. The two reactions (2.2) and (2.3) are assumed to have the same rate
qpp- The total mass of a fuel component k is given by

R
Mi() = K (s) AAkl / o, 1) X (t,7) 1 dr, (3.17)
where
KO0)=1, K(1)=2r, K(2)=4r. (3.18)

3.2 Equations in Lagrangean Form with Artificial Viscosity

Here we write down the basic differential equations in the form that will be used for constructing the finite
difference scheme. At this stage, we introduce the terms with artificial viscosity. As independent Lagrangean
variables, we use the time ¢ and the quantity

r

m= /prs dr. (3.19)

0



DEIRA-4

The coordinate m differs from the mass coordinate by the factor K (s) given in Eq. (3.18). The principal
dependent variables are

r

u, TE; Ti; T?"v B7 5047 5}737 gp147 XDa XT7 XH@; XB- (320)

)

Transformation of differential operators from Eulerian to Lagrangean form is accomplished as

7] 0 0 0 s 0

a e o o " om (3:21)
The equations of magnetohydrodynamics become:
% o (3.22)
ou 0 0 s B? CISBT;1 2
E“” 8’rn|:Pav+Pe+Pini,scpa,rn(u'r)+8ﬂ_+ 3 +3(5a+€p3+5p14):|
_19 sty O (u
 rom |:(7]av,tn o+ itm T ) om (r) ’ (3.23)
de.\ OT. e, o(urs) 0 _OT. c\2 OB\’
P, =— (7 — — | -
(8Te)v ot “L(aV)TE om  om (7“ fre 8T)+(47r) mv<ar)

662‘
aT, ),

—Xei (Te - E) — Xer (Te - Tr) + Xeaga + Xep35p3 + Xep14gp14 + Qecl + Qen + era (324)

8T
ot

Pav+p+(a ) 8<w~8>]a<urs>_a<r o,

av ). TP g Tam ~ am \" ar )*X”(T T+

9 sun1?
+ (nau,m =+ ni,mpr%”) [8m ()] + Xia€a + Xip3Eps + Xip14€pra + Qict + Qin, (3.25)

r

daspT) 66; %aSBTfag;;S) = % <7”sf€r 68T ) + Xer(Te = T), (3.26)
a(gtV) _ % a% (rsm f‘;f) . (3.27)

Diffusion of the energy density of fast fusion products:
Vaait ggaa(auw) T Xl = a% ( sd, a;) 4 Qu, (3.28)
Vagf’ Epga(a ) + Xp3Eps = 8% (rsdpg 8;',,3) + Qp3s (3.29)
VaZZM g p14% + Xp14€p1a = 6% (7"8 pl4 821;14) + Qp1a- (3.30)

Fuel depletion:

82(713 = VAlmol (=XpX7qpr — 2X% qop — XpXpe qoae) ; (3.31)
% = VAlmol <_XDXT gpT + %X% (IDD> , (3.32)
agfe = VAlmoz <_XDXHe qpHe + %X% QDD> , (3.33)
OXp _0Xm 1 XXy ann. (3.34)

ot ot VAmol
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The specific volume V' = 1/p (not among the principal dependent variables) is given by

1 ot
S s+1 om
In particular, from Egs. (3.22) and (3.35) we have
ov. o(ur®) _ .
— = =V.
ot om
The additive pressure component due to the scalar artificial viscosity is given by
0 (ur® .
Pav = _77(11),80M = _nav.scv-
am ’

(3.35)

(3.36)

(3.37)

Here n4y,sc > 0 and 740, > 0 are, respectively, the coefficients of scalar and tensor components of the

artificial viscosity [3]. In equations (3.24)-(3.30), the derivative g should be understood as the operator
r

s_—
pr am

4 BOUNDARY CONDITIONS

At the inner (left) boundary r = R; three different types of boundary conditions are envisaged.

1. Fixed center of symmetry, R; = u; = 0, all diffusion fluxes are zero:
u(t,0) =0,
oI, 0T, 0T, 9B _
or or or or ’
00 _ 0 _ O6ui _

or or or

(4.1)

(4.2)

(4.3)

2. A closed void cavity at 0 < r < R; with a prescribed boundary pressure Py (t); all diffusion fluxes are

Z€ro:
JaoT, oI; 01, OB
= = = —_—— 4.4
or or or or ’ (4.4)
1 . B} 2
P(t,R;) = Py(t) + §GSBTTJ + S + g(ga,l + Ep3i + Epra,l)s (4.5)
08, 03  0&pa
oo — =t 4.6
or or or (46)
Here T, Bi, €a,; - .., are the values of corresponding physical quantities calculated at » = R; + 0.

The condition for the magnetic field B in this case does not appear as obvious, but no other physically

more adequate condition can be suggested immediately.

3. An open halfspace at —oo < r < R; with prescribed boundary pressure Py (t), external radiation

temperature Ty, (t) and magnetic field By(t):

oT, T,
o or

oT, 1 -
K"‘W = anSB (T,,, — Trlem) 5

P(tR)—P(t)—f—} T +B—’?l
9 - bl 3G'SB rlex 87T 9
B(t, R) = Bbl(t),

ga(t, R; — O) = 5p3(t, R, — O) = 5p14(t, R, — O) =0.

This latter type of the left boundary condition is possible for plane-parallel targets only.

(4.7)

(4.8)
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The conditions at the outer (right) boundary r = R are:
or, or, 1

B ;Ko = cass (T, =T}, (4.12)

P(t,R) = Py(t) + laSBTfm + B gr, (4.13)
3 8w

B(t,R) = By (1), (4.14)

Ea(t,R+0) =Ep3(t, R+ 0) = Epa(t, R+ 0) = 0. (4.15)

Here, the right boundary pressure P,;(t), the right boundary magnetic field By, (t), and the right boundary
radiation temperature T,...(t) are assumed to be given functions of their arguments. Default values are
Pbl - Pbr - 0’ Trlez - Trem = 07 Bbl = Bbr - BO = B(O,T’)

5 EQUATION OF STATE

Under the equation of state we understand the algorithm for calculating the thermodynamic functions

y = y(V,T), (5-1)
P. = P(V,Te), (5.2)
P = P(V,Ty), (5.3)
e = e(ViTe), (5.4)
6 = a(V.T), (5.5)

and their first derivatives. Functions (5.2)—(5.5) must satisfy the following thermodynamic identities and
inequalities:
Oee oP,

3 = Tea—Te - P, (5.6)
g;” = Tig—% — P, (5.7)
g};e + % <0, (5.8)
g;fe >0, g—; > 0. (5.9)
The adiabatic sound velocity us is defined by
u? = V%: + gVaSBT;l +v? —681:; —~ ZI;" +T, (88136’2//27112)2 +T; (a(;z//zgiy : (5.10)

As the main option, functions (5.1)—(5.5) are supposed to be given in a tabular form. In such a case,
the interpolation algorithm is assumed to maintain the continuity of functions (5.1)—(5.5), while their first
derivatives may generally have jumps. In the V,T,, T; phase space, there may exist certain restricted domains
where inequality (5.8) is violated (domains of thermodynamic instability). In contrast, the inequalities (5.9)
must be fulfilled for all V > 0, T, > 0, T; > 0.

5.1 Ideal Boltzmann gas

In the simplest case of a Boltzmann gas of free electrons and a mixture of different ion species k with
ionization degrees y, we have

X X
prTeM3965MEDJ’965 Zmot Te (5.11)
e ma ZXkAk e ZXkAk V o ’ Amol V7 '

k k
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> Xk %:Xk

N pTi k D T; D, fi T;

p=Ct_kF  Dggsf 2t Lt gg5 L 5.12
ma ZXkAk ZXkAk V AV ( )
k k
3 3
=3PV, «=3RV, (5.13)

where the equality sign " indicates a particular case of the DEIRA units and full plasma ionization.

5.2 Ideal Fermi-Boltzmann gas

Introduce the mean atomic mass, A, the mean number of free electrons per ion, ¥,

i Dok A Xk g = >k Ye Xk
Zk Xy Zk X

and the following atomic units for the volume V' per ion, the temperatures, T,, T;, the pressures P,, P;, the
internal energies F., E; per ion

(5.14)

[V] = a3 =1.4818 x 107%° cm?, [T.] = [T;] = €?/ag = 27.21 eV,
(5.15)
[P.] = [P)] = €?/ag = 2.942 x 10 ergs/cm?, [E.] = [E;] = €?/ag = 27.21 eV /ion.
Transformation between the DEIRA and the atomic units is given by
11.2 34 TG
‘/;u = 06 g/cm ) Te(i) au — e ’
Po ’ 0.02721 (516)
E...
Puiy. o = 2942 Patiy va oty o = 0.2625—2202

A

In atomic units, a convenient approximation to the mixture of the non-relativistic ideal Boltzmann gas
of ions and the non-relativistic ideal Fermi gas of electrons is given by

_ Er 1 903 (¥ 231
Vo= g =50m) (V) T’ (5.17)
1 g\SE gT, 1 T,
po— lames (L yle 1 p _ 1 5.18
57 (V) TV Ttapy v’ (5.18)
3 3
Ee = §VP87 EZ = §VP7, (519)

The entropy parameter «, defined as the ratio of the total pressure P.(V,T.) + P;(V,T;) to the degenerate
pressure P.(V,0) for the same specific volume V', is given by

5 T, 1
I (L BT 2
o + <Te + 1+aF¢> (5.20)

The electron components of the free energy F.(V,T,.) and the chemical potential u.(V,T.) are given by

Fo= gL, [gw_;’ln(uwlwﬂ, (5.21)
_ Laavan (9)Y° {1_3 ( 1)
pe = (3 (V) P | e g (1 g )| (5.22)

Here ap is a dimensionless fitting parameter: for ap = 0.4 the error in approximation of the exact Fermi
integrals for P. never exceeds 1.5%, ar = 6/7% = 0.6079 corresponds to the exact limit of the electron heat
capacity at T, — 0, ap = 2[6/ exp(2)]'/3 = 0.424665 corresponds to the exact limit of the chemical potential
for ¢p — 0.
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6 SOURCES

Under the term “sources” we understand non-diffusion and non-relaxation terms on the right-hand sides of
Eqgs (3.3), (3.4), (3.9)—(3.15), (3.24), (3.25), (3.28)—(3.34).

6.1 Driver Energy Deposition

The driver is defined as an external source of energy. In our case, this is a beam of fast ions propagating
normally with respect to spherical (s = 2), cylindrical (s = 1), or planar (s = 0) surfaces in the corresponding
geometry. In Eulerian coordinates, the energy of individual ions Ej (¢, r) is determined by solving the equation

of beam propagation

oF
ai/rb :pr(EbapaTe7j_li) (61)

with the boundary condition Ej(t, R) = Epo; here R = R(t) is the outer target radius, S, = Sp(Ep, p, Te, T;)
is the stopping power of matter (a known function of its arguments [4]). Integration of Eq. (6.1) is conducted
from outside (r = R) inwards (towards r = 0) and can be terminated at a point = r1 defined by

Ey(t,r1) [GeV] <1075 A4, (6.2)

where A, is the atomic mass of the beam ions.
In the present model, we assume for simplicity that the driver energy is transferred exclusively to the
electron component of the plasma. The specific heating rate is

Wb(t) Sb(Eba P, T€7 Tl)
K(s)rs Eyo ’

Qar(t,r) = (6.3)

where W, (t) [TW mm®~?] is the total beam power. As a finite-difference approximation to the heating rate
in the j-th mesh interval, we use the following energy conserving expression

Wi (t) Ey(t,7j41) — Ep(t, ;)
K(s) Epo Am;

Qar,j = . (6.4)
There is no need to solve Eq. (6.1) at each time step: it should be integrated only after changes in temper-
atures and density of the irradiated region accumulate to a noticeable level.

6.2 Thermonuclear Burn Rates

All the formulae given below in this section for the thermonuclear reaction rates g and the energy deposition
rates @ are in the DEIRA units. The (ov) value for each fusion reaction is related to the corresponding ¢

value as
(ov)ix [em® 571 = 1.66 x 10716 g4y, (6.5)

where ¢;; is in the DEIRA units.
For the thermonuclear burn rates, the following approximate formulae [6] are used

2
> T ) o [ 1998 (T
gpr = 1.58 x 10* T} {(1+0.16T1) exp l Ve 1034 +
45.07
40.0108 exp (— - )} , (6.6)
o 18.81
qpD g 814T’Z / (1 + 0.01 Ti)exp <_T‘1/3> 5 (67)

dpme 2 1.3 x 100773

7

31.72 T, \?2
1+5x107472 =
(1+5x V) exp | =2 (27.14

K2

_ 148.2
+40.5T, /% exp (— = ) (6.8)
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1/3 2/3 4/3

+0.0637;"" 4+ 0.0034T; 4- 0.0056 T, "+

53.423 T, \?
7'/ 174.06
618.45]
T;

api 2 5.05 x 10472/ (1+0008T

+7.9 x 1077 ex +

149.33
+59.27; %2 p{ -

3

] +6.51 x 10T, % exp {

(6.9)

1094
+333.67T; */* p{ }

T;

Formulae (6.6)-(6.8) approximate more lengthy expressions [like Eq. (6.9)] from Ref. [6] to an accuracy of
about 10%, which is the accuracy of the original formulae in Ref. [6]. It is assumed that each of the two
reactions (2.2) and (2.3) occurs with the same rate (6.7).

Recently [27] a new (more accurate?) approximation for the H+B reaction was proposed,

_ 148.0
(00)Br = (0V) BH.ar + 5.41 x 1075732 exp <— - ) : (6.10)
where for T; < 70 keV
23 53.42365
(00) BH = 4455 x 10716 S T,2/% exp <_T1/3’> , (6.11)
T, 35 89

=1.97x10°(1+ 240 ( Ey + =—=1T; 231 E? + —=E, T ), 12
S 9><0< 36E0>+ 0(0+36 >+03<0+360> (6.12)
Eo = 17.8079T7/%, (6.13)

and for 50 keV < T; < 500 keV
(00) B = 6.3825 x 10713 ¢75/672 exp (—3C1/3T> , (6.14)

17.8079
T= pvERs (6.15)
—5. 1072 + T;(1.0404 x 103 — 9.1 10-57;

(o1 5.9357 x 102 + T;(1.0404 x 10~3 — 9.1653 x 1075T}) (6.16)

"1+ T, [0.20165 + T5(2.7621 x 10—3 + 9.8305 x 10~7T})] °

The specific rate of local heating by slow charged products (helium-3 and tritium) of thermonuclear
reactions is

Qect = A2 XD qpp(0.97 x 10* fepre +0.79 x 10* fer), (6.17)
mol
Qiat 2 Af = X2 qpp [0.97 x 10* (1 = fome) +0.79 x 10* (1 — for)] , (6.18)
mol
p 0.6 o 7.0
e e = =~ ) e = a— 6-19
Jer 5.6+ T, Jer 70+ T, (6.19)
The total specific power of the local energy deposition by slow charged fusion products is
1
Qct = Qect + Qi = 1 76 x 104 A2 XD 4dDD- (620)
mol

The specific powers of non-local energy sources of charged fusion products (source terms in the corre-
sponding diffusion equations for the energy densities of these products) are

Qn 2 AQ (3.40 x 10* Xp X7 gpr +3.54 x 10* Xp Xpre qpuet

mol



DEIRA-4 13

+8.38 x 10* XpXp qpn) , (6.21)

Qs 2~ 201 x 104 L x2 6.22

p3 — A2 . X ) D4DD, ( . )
mol

Qs 2 AQL 14.16 x 10* Xp X qpsre. (6.23)
mol

The total specific power of thermonuclear energy sources (including the energy of neutrons) is given by

5 1
Qus = AQL <1'70 x 10° Xp X7 gpr + 7.04 x 10* ) X% qpp+

mol

+1.77 x 10° Xp Xpe qppe + 838 x 10* Xp Xy qpn) - (6.24)

6.3 Heating by Neutrons

Heating by thermonuclear neutrons is evaluated only for target shells which contain thermonuclear fuel.
Temporal retardation of the neutron flux is neglected. The specific neutron energy deposition rates are
written as

Qen = Qn14fen14 + Qn2fen2; (625)
Qin - Qn14(1 - fen14) + Qn2(1 - fen2)~ (626)

Here Q14 and Q2 are the total specific deposition powers by 14-MeV [reaction (2.1)] and 2.5-MeV [reaction
(2.2)] neutrons. Coefficients 0 < fen14 < 1 and 0 < fen2 < 1 represent the energy fractions left by the recoil
nuclei in the plasma electrons. Similar to Eq. (6.19), we approximate them as

fomia 2 [1+ (1 4+ AT, /750) ", (6.27)

fonz 2 [1+ (1 4+ A)*T,/130] " (6.28)

When fuel is present only in the central target region 0 < r < Ry, (which may consist of more than one
shell, each of the quantities (0,14 and Q)2 can be evaluated according to one of the following three options.

I. Approximation of the first scattering. This approximation can be self-consistently implemented
only in the cylindrical and spherical geometries:

Ry
Qi) 2 2 [ anr() Xo () Xe() | 4

Ilo

2
} G(r,r')dr', (6.29)

Ryu
650 [ 1 Xp(r') p(r')1?
Qua(r) = f/*QDD( 9 Xp() plr’) G(r,r")dr', (6.30)
A 2 Amol
0
where
/ yr
%:/IC<2+TT/>, S:].,
Glr,1') = 7"/ r 7/“ r (6.31)
MU Y
T r—r

K(z) is the full elliptic integral of the first kind. Constants 1100 and 650 in front of the integrals in Eqs (6.29)
and (6.30) are the numerical values of the quantity

1 Ap <AEn>
2<pl>D ma D’

where <%>D is the mean energy loss (in units 104 ergs/g) by neutrons after the first scattering off a

deuterium nucleus, (pl)p is the mean range of neutrons (in units mg/mm?) in pure deuterium (admixture
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of tritium has no practical effect on the value of this constant). Strictly speaking, Eqs (6.29) and (6.30) are
valid in the limits 7,14 < 1, T2 < 1 only [definitions of 7,14 and 7,2 are given below in Eq. (6.36)], and it
should be remembered that for 7,14 > 1 (7,2 > 1) the neutron heating calculated from Eq. (6.29) [(6.30)]
can exceed even the total thermonuclear energy liberation (6.24).

II. Local deposition. When the optical thickness of the fuel with respect to neutron scattering is large,
Tn1a > 1, Tho > 1, the neutron heating can be estimated in the local approximation

Quia = 13.6 x 10" gpr XDXTA2 ; (6.32)
mol

Qna = 2.37x 104 2 34D X2 A2 (6.33)
mol

ITI. Approximation of a uniform spread. In this approximation we assume that the total fraction
of the neutron energy left inside the fuel region 0 < r < Ry, is spread uniformly over the fuel mass in this
region; we evaluate this fraction as (1 + 7 /’Tn)_l, where 7q is a constant, and 7, is the optical thickness of
the fuel region 0 < r < Ry, with respect to the scattering of the corresponding neutron species. The value
of 19 can be calculated in the limit 7, — 0, when Eqs (6.29) and (6.30) become valid. As a result, we obtain
790 = 3.0 for a neutron source in the center of a fuel sphere, 79 = 4.0 for a neutron source spread uniformly
over a fuel sphere, and 79 = 6.0 for a neutron source along the outer rim of a fuel sphere. Assuming 7y = 4.0
as a reasonable compromise, we obtain

Ry

. J apr XpXr (p/Amo)? 7 dr
Qua = 13.6 x 10* Tm”fzm 0 o ’ (6:34)
Of prsdr
Ryy
_ 5 ] aop (pXp/Ana)” 1 dr
Qn2 = 2.37 x 10* — 124.0 0 — 7 (6.35)
{ prs dr
where
Rpu Ryu
Tnia = % / % dr, Tn2 = 6715 % dr. (6.36)
0 0

IV. Approximation of a diffusion-profile spread (version 4.2 of 2006.11.24). This approximation
has been implemented for 14-MeV neutrons only, and for the spherical (s = 2) geometry only. In this
approximation we assume that all the energy of 14-MeV neutrons, generated in the fuel sphere 0 < r < Ry,
is spread over the fuel mass according to the diffusion profile ¢(7), namely,

Ry,
b 13.6 x 10 o\ o, |7
Qnia(r) = o0 / qprXpXT <Amol) rdr o) o(7), (6.37)
0
where
1
OEE- / % (6.38)
0
and
1
3 1-— + 7o (eT_TO —e_T_TO), 0 <7<,
O(T) = % 2T . (6.39)
To 70 — 1+(T0—|—1)€ 0 To—T
o e , T >To.
The profile ¢(7) has one free parameter 79. For any 79 > 0 it is normalized by the condition
/ o(t)T%dr = 1. (6.40)
0
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By its meaning from the derivation of the diffusion profile, 7y is the “optical” radius of the 14-MeV generating
fuel core. In the DEIRA code the value of 7y is determined as the position (along the 7 coordinate) where
the function

2
qprXpXr (Ap ) r? (6.41)
mol

drops by a factor 2 from its maximum value; if the function (6.41) is uniform to within a factor 2, then
To = Tp14 is the optical thickness for 14-MeV neutrons of the entire fuel sphere 0 < r < Ry,,.

In the framework of the present model, the neutron heating of non-central fuel shells can only be evaluated
in the local approximation (6.32), (6.33) (or neglected altogether).

7 KINETIC COEFFICIENTS

The above equations of magnetohydrodynamics, and of radiation and fast-product energy diffusion contain
the following kinetic coefficients: ke, ki, Kr, Xei, Xer are the coefficients of transverse (with respect to
the magnetic field) heat conduction and temperature relaxation; n§ and 7} are the ion (physical) viscosity
coefficients; 7, is the transverse electrical conductivity coefficient; dn, dp3, dpia, Xa = Xea + Xia, Xp3 =
Xep3 + Xip3: Xpl4a = Xepla + Xip1a are the coefficients of diffusion and relaxation of the energy of fast fusion
products. The formulae for these coefficients given below are based on the expressions published earlier in
Refs [2, 7, 5, 8, 9, 10].

7.1 Electron Heat Conduction, Electrical Resistivity, and Relaxation between
the Electron and Ion Temperatures

Following Ref. [11], we define the limiting heat flux due to the electron heat conduction as

T 1/2 pyZ .
Fom = frelte <m> T, =1.28 X 10° fye (ZA’””> T2, (7.1)

e mol

where fi. is the flux limiting factor; regularly, f.. = 0.5 is assumed. Accordingly, the coefficient of the
electron heat conduction corrected for the flux limit is defined as

Fem

Re = min {Iie; w} . (7.2)

Here we only need the transverse (with respect to the magnetic filed) conduction coefficient .. Following
Ref. [10], we write it in the form

GTG Zmo TE
Ke = mzym Ty (Zpeis Wee) = 1.697 x 10° <’§/ Amoll) - D1 (Zreis Wre ), (7.3)
where
2r I
Iy (z,w) = - ac 21,1(111) + '12(w) 3 (7.4)
zt + 227 1 (w) + [[72(w)]
Ia(w) =T110+ T nw, (7.5)
Iio(w) =T190+ T 1w+ F1,22102 + Ty 03w, (7.6)
I'71(w) =T710 + 711w + Tz 120, (7.7)
[72(w) =790 + D721w + T7 90w, (7.8)
B B
rei = — 2 21759 % 1052 (7.9)
mecyﬁe'n/ VK/e'"/
Here v
Wge = mee (710)
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is the ratio between the frequencies of the electron-electron and electron-ion collisions. We include the effects
of the electron degeneracy and of the electron-atom scattering by writing

4./7 e*neLee D

Viee = =
3 mPTT? + (BrecEr)Y
Zmo Lee
2 3,914 x 10° <py l) 1 (7.11)
ZAmol T‘8 [Tg —+ (ﬂﬁeeEF)Z]
Vien = Vei (ﬂnei) + Vea, (712)
Ves(B) = 4427 e*n;y? Le; D
B 3 m/?[12 + (BER)?
= ﬁmo Lei Y, y < 1’
2 5.536 x 10° (gm l) 1% (7.13)
mol [TQ + (BEF)2] yg, y > 1)
T 1/2
Vea = Oealla (mF> exp [—(Er/13 eV)Q] D
(1 - y)v Yy < ]-7
2 7.987 x 10° /Tr % exp [—(Ep/0.013)%] x (7.14)
0, y=>1

For the electron-atom collisions we simply assume a fixed cross-section of oeq = 1071% cm?2.

In the non-degenerate limit Er = 0, the definitions (7.11) and (7.13) of the electron-electron and electron-
ion collision frequencies coincide with those in Refs. [2] and [10]. We calculate the values of the interpolation
coefficients

2
2071'3 2w (F7 22)2
Kee — ’ = o. 4, Nl
g [ 216 I3 3.39 (7.15)
4 1—\ 2 2/3
Brei = { (”0)} = 0.3402, (7.16)
9 T2

from the condition that in the limit of strong degeneracy, Er > T., the above formulae yield the expressions
for ke; (in the limit of w — 0) and ke (in the limit of w — o) calculated by Lee [12] and Lampe [13].
The transverse electrical resistivity is given by [10]

Mel, D —17 ZA l
nL = 6‘327;7:” [1 - F5($77€i7 wn)} =6.556 x 10 ! (pyZT::)l> Vnen [1 - F5(x7leia wn)] s (717)
where
.’L‘2F5 1(11)) +I'5 g(w)
Us(z, w) = —= : 5 (7.18)
rx*+x ].—‘7’1(10) + [F7,2(w)]
Is1(w) =Ts10 + I's 11w, (7.19)
s 2(w) = T5.20 + U5 21w + T's g0w?® + T's 23w, (7.20)
B B
Tpei = — = 21750 x 106 (7.21)
MeClnpen Vnen
wy = e = e (7.22)

Unen Unen

Vnen = Vei (ﬁnei) + Vea- (723)
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The interpolation coefficient

3 { 4 <1 I's.20 >r/303665 (7.24)
eV (I'7,20)? - '

is chosen such as to give the correct degenerate limit calculated by Lampe [14] for v,.. = 0. We assume
for simplicity vyee = Vkee because the contribution of the electron-electron collisions to resistivity can be
neglected in the degenerate limit [14].

The coefficient x.; of the electron-ion temperature relaxation, defined such that px;(T. —T;) [ergs cm™
s~ 1] is the rate of the energy transfer from the electrons to the ions per unit plasma volume, is given by [2]

3

1 3me D

Ly
Xei = ; _ NelVyen = 1.588 x 1072 ( moly ) Vyxen- (725)

7 AAmol Z

Here, similar to Egs. (7.12) and (7.23), the collision frequency is defined as

Vyen = Vei(ﬁxei) + Vea, (726)
where the interpolation coefficient
4 \2/3
ei = | 7= = 0.8271 7.27
b= (572 (7.27)

is chosen such as to yield the correct degenerate limit calculated in Refs. [15, 16]. Table 1 lists the values of
coefficients — which are all rational fractions — as calculated in Ref. [10].

Table 1: The values of I'; ;i as calculated in Ref. [10]

k=0 | k=1 |k=2| k=0 | k=1|k=2|k=3

i=1 13 9 0 93961 37574 42768 1296
= 1 2900-16 4900 4900 490
5 320797 | 632025 2277
2 2 0 0 490-64 49000 490 0
3 2127 1032 0 7161 59394 | 127728 | 5184
560 560 49000 49000 49000 4900
3 429675 | 100665 7092
4 2 0 0 490000 | 49000 4900 0
5 | 363033 | 123705 0 33201 | 341064 | 957888 | 41472
4900-16 | 49000 290000 | 490000 | 490000 | 49000
477 4608 21744 36432
6 280 0 0 29000 49000 49000 0
7 | 586601 | 41269 13252 31 1208 576 0
4900-16 4900 4900 100 700 700
8 6 6 0 58752 | 243252 | 294051 | 10947
5 5 49000 49000 49000 4900
1494 25446 46561
9 1 0 0 490 4900 1900-4 0
10 | 26532 44094 | 79321 576 1806 1068 0
4900 4900 2900-4 700 700 700
The Coulomb logarithms are approximated as
Grit,Nei
Ly = In|l+ finZel |, (7.28)
1+ (6'5gfit7nAei)
3/2
2 Ace
Lee = -Infl1+ —sn (7.29)
3 1+ (8.5A2L7)L
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Table 2: The values of the fit parameter g .

Element Z 9fit,k
Cu 29 3.0
Au 79 6.0
where
3Tr De; _ -
Ay = RN 5 2 631Tp [D,2 (v +27.56TF)] 7, (7.30)
e [y2+ 2 (Tr h?/me et)]
3T.D _
Apo = 2 e lee 5 231557, [D.2(1+2756TF)] %, (7.31)
e? [1 + % (Tp 7’12/m6 64)]
dre’n;y? o 220 (Y2 1
D?=p2+ MY 22 el (2) 32
el ee + TZ ee + Amol Z Ti’ (7 3 )
1/2
_ dren PYZmol 2 2
D2 = ¢ 2 me Tr = |T?> 4+ (ZE 7.33
ee TF ZAmol TF’ F e + 3 I3 ) ( )
K2 2/3 b PYZLmol 2/% T,
Er = — (37%n.)"" 20.026 , 0, = —=. 7.34
F 2me ( : n) ZAmol EF ( )

Eqgs (7.28) and (7.29) are written such as to give InA.; (InAc.) in the limit Ag; > 1 (Aee > 1), and to
reproduce (for gr; ,, = 1) correct asymptotical behaviors in the limits A.; < 1 and A.. < 1 as calculated in
Refs [17] and [14]. The parameter gy . (see Table 2) is introduced in order to fit the experimental values of
ke and 71 in metals at room temperatures; its default value is g . = 1. Expressions (7.30) and (7.31) are
taken from Ref. [18]; Eq. (7.31) agrees well in all limiting cases with formulae used in Ref. [19]. Note that,
when written in the DEIRA units, the quantities D; and D, in Eqgs (7.30)—(7.33) are redefined such as to
contain no numerical factors.

7.2 Radiation Diffusion and Relaxation between the Electron and Radiation
Temperatures

The coefficient of radiative heat conduction &,., corrected for the flux limit, is defined as

F,
Ay = min {K‘,T-; |Vr;|} , (7.35)
where
Frm = fnr asp CT;‘L (736)

is the limiting flux for the radiation energy, and 0 < fy, < 1 is a flux limiting factor; regularly, the value
frxr = 0.5 is assumed, which would be adequate for the propagation of a steep plane-parallel radiation front.

The uncorrected coefficient of radiative heat conduction k., is expressed in terms of the Rosseland mean
free path [y,

4 472
=_ RT3 =1 T3 2 5484.015 T3 7.37
tir = gcasplply =lp 50T, rTY, (7.37)
where -
15 1 rie® hv
lr =1Ir(p,Te, 1) = —/ = dx, T=—, 7.38
R R(p ) 47T4 J oM. 4 ka(U, 0, Te) (1 _ 671)2 Tr ( )
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op is the Thomson scattering cross-section, kq(v, p,T.) [em™!] is the absorption coefficient of a photon hv
corrected for stimulated emission. If the values of [z are provided from elsewhere as a function of one
temperature only, lg = lr(p,T), it is recommended to assign (r(p,Te,T) = lr(p,T). Analogously, the
relaxation coefficient x., is defined as

dor ne 4 caSBTe4 15h* 7 V3 dy
er aTeaTr = - Tr a s — | 7.39
Xer(p ) MeC P asBLr + p(T. —T)) lp(p7 7r4T4 . T, exp(hV/TT) -1 ( )
0
where the Planckian mean free path {p(p,T¢) is given by
1 150t [ - V3 dv
- kalv, p, T,) —— 2 7.40
lp(p.T.) niT3 / (o T exp(hV/Te) -1 (7.40)
0
Equations (7.39) and (7.40) imply that
w2 T3 T3
er(p, e, 0) = < : 7.41
Xer(p ) 15032 plp(p, Te) " oplp (7.41)

If one wants to express Xer(p, Te, T,) in terms of externally provided values of Ip(p,T.), one can, to a first
approximation, assume Xer(p, Te, Tr) = Xer(p, Te, 0).

Below we present simple analytical formulae for approximate evaluation of Iz and x., that have been
adopted in the opacity model DEIRA-2. The more involved opacity model DEIRA-3 is described in Appen-
dix B. The DEIRA-3 formulae describe the same physical processes but employ straightforward frequency
integration instead of analytical approximations.

The present model describes radiation-matter interaction by taking into account the processes of Comp-
ton scattering, free-free absorption, and free-bound 4+ bound-bound absorption. The free-free absorption
(inverse bremsstrahlung) coefficient is calculated for a partially degenerate Fermi gas of free electrons. The
contribution of the bound-bound and bound-free transitions is evaluated on the basis of the model proposed
in Ref. [9]. In the DEIRA-2 version of the model the following approximate formulae are used:

1

lp=——"7"7—"", 7.42
n kcs + kff + kph ( )
Xer = Xes + Xff + Xph- (7.43)
Compton scattering:
P yZmol D yZmol D yZmol 4
kes = 0.04 s = 0.94 & =1.290 T 7.44
ZAmol X ZAmol ZAmol " ( )
Inverse bremsstrahlung:
20720, 1
kes = (%) p ! (7.45)

Amot T2 [1 +93 GS/Q(TT/Te)} 7

2z2 . T, +T.
Xpf 2112 x 107 (ﬂ) ! i
Z Aot 1 +2.196;

75 (7.46)

The quantity 6, is defined in Eq. (7.34). Photoelectric absorption by hydrogen-like ions, 0 < Z —y < 1:

pZ*
kph =1.2 (Z - y)H Tj—‘; <I>1(wT1, —1397)7 (747)
Z4 TePo(wer, —1.397) — T, Po(wyq1, —1.397
yon 2759 20 (7 — gy LeB2(er T) — 2(wr1 ), (7.48)

where

b .\’ ) .\’
el = [ — s rl = . .4
el (0.0136 Z?) wrt (0.0136 Z2> (7.49)
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When y is close to Z, the equation-of-state data may lead to a large error in the small quantity (Z — y)pg.
Hence, we use the following approximation in Eqgs. (7.47) and (7.48)

1 0013622\ "
(Z—y)g = [1 +0.665603/2 exp (0 — T)] . (7.50)

Photoelectric absorption by helium-like ions, 1 < Z —y < 2:

Z4
kpn 2 1.2 % (2 4y — 2)®1(wy1, —1.397) + 2(Z — y — 1)®1 (wra, ba)] (7.51)
D 759 274 (2 +y— Z) Te(bg(wel, 71397) — TT@Q(wM, *1397) +
Xph = 19977 Y T. - T,
FAZ—y—1) Te®o(wea, b2) — TP (wr2, b2) (7.52)
y T T : :
where
b T, ? b T, ?
e2 — bl r2 — Pl 7.53
We2 {0.0136 (Z - 0.65)2] r2 {0.0136 (Z - 0.65)2] (7.53)
13.25
by 2 —1. o 54
2 9T+ o0 (7.54)
Photoelectric absorption by lithium-like ions, 2 < Z — y < 3:
D PZ4
kph =24 ﬁ [(3 —+ Yy — Z)(I)l(wrg, bg) -+ (Z -y — 2)@1(&17«3, bg)] 5 (755)
b A Te®(we2, b2) — T Po(wr2, b2)
Xpn 2 1518.0 — {(3 +y-—2) " +
Te(I)2 (weSa b3) - TT(I)Q (wT3’ b3)
Z—y—2 .
+Z ~y—-2) o7, ; (7.56)
where
b T, ? b T, ?
k) Ll 7.57
Wes {0.0036 (Z - 1.77)2] bW {0.0036 (Z - 1.77)2] ’ (7.57)
5.53 11
by = 1 . 7.58
ST —177/2)f (- LT7/Z) (7.58)
Photoelectric absorption by higher ions, 3 < Z —y < Z:
pZ*
kpn = 2.4 i Dy (Wrys by)s (7.59)
74 T, ®s(wey, by) — Tpo®o(wyy, b
Xon 2 1518.0 — 2(wey ;) — 2(@ry,by) (7.60)

where

T.\? T.\*
Wey = (;) ) Wry = (I) 3 (761)
Y Y

, » 0245 (0027222\° | 1 (002722)°
Vo Z—y I, Z—vy I,

(7.62)
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In the above formulae we used the functions

w

& (w,b) = , 7.63
1(w,b) 210w + 5b + 1 (b + 3) Jw (7.63)
w
By (w,b) = . 7.64
2(w,5) w+ 1(b+2.5)[1 + 1/(12w)] (7.64)
The ionization potential of higher ions can be evaluated as
0.0063 (1 +9)%2 +1.5x 1077 (1 +y)*, 10<Z-y<Z,
I, 24 0.0036 (y + 1.3)2, 2< Z—y<10, (7.65)
0.0136 (y + 1.3)2, 0<Z—-y<2.
7.3 Ion Heat Conduction and Viscosity
The limiting heat flux due to the ion heat conduction is defined as
T, 1/2 T, 3/2
Fip = feing () T; = 29.97 fui p () ) (7.66)

where fi; is the flux limiting factor; regularly, f.; = 0.5 is assumed. Accordingly, the coefficient of the ion
heat conduction corrected for the flux limit is defined as

Fim
Ri; = min {Kji; |VT|} . (7.67)

The transverse (with respect to the magnetic field) ion heat conduction coefficient is taken from Ref. [2]:

n;T; 227 + 2.645 D Simot Z2 oT; 227 + 2.645
Ky = T 5 =93.89 = T 5 , (7.68)
m;(Vii + Via) x3; + 2.7022, + 0.677 AV A) Vii + Via xj; +2.7027 4+ 0.677
where B B
iy = ——Yr_Pggqg Y (7.69)
m;c(Vii + Via) A(Vii + Via)
To the ion-ion collision frequency
4 4n,Ly; Yy, y<lI, 72, 1L Yy, y<lI,
Vi = g S 2 9166.0 f—\}w (7.70)
mi T vt y>1, 2% AmarV AT, vh o y>1,
we add the ion-atom collision frequency
T; 1/2 14 T; 1/2 (1 - y)7 y <1, D
Vig = OiqNq ( ) S () X =
0, y=>1,
1/2 (I-y), y<1
b 7 PT; ’ ’
=1.871 x 10 T/ X (7.71)
0, y =1,

evaluated for the ion-atom scattering cross-section o;q = 10716 cm?.
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The two ion viscosity coefficients, 7§ and 7, that we need in our case, are taken from Ref. [2]:

0.96n;T; o T

b= T 29963 7.72
o Vi + Vig A(vii + via)’ (7.72)
. niT 1.2(24;)% +2.23 b
b oT; 1.2(224)% +2.23
= 9.649 — . 7.73
A(Vii + Via) (2243)* +4.03(224;)? +2.33 (7.73)
The ion-ion Coulomb logarithm L;; is calculated as
1
L = 3 In (14 A7), (7.74)
where
3T,D.; 315.5T;
Ay = 2 . 72 2 = 5 —73 (7.75)
o2 [y 1 3me (BT, (D2 (yt + 1.512 x 1072T;/ A)]
4 m; \meet
oo N2 pZ2m0 y, y<l1, L y<1,
2 Ema | (U2)F P2 el y. = (7.76)
. ZAmol TF Z Amol sz
L, y=1, y, y=1

Functional form (7.75) has been chosen in agreement with the classical Coulomb scattering in the limit
Ai; < 1; classical and quantum asymptotical formulae are matched in Eq. (7.75) by analogy with the
electron-electron and electron-ion scattering [18].

7.4 Diffusion and Relaxation of the Energy of Fast Fusion Products

In this subsection we assume that the index («) takes one of the three possible values, namely, «, p3, or
pld. Each of the three sorts of fast charged fusion products is characterized by the set of constants listed in
Table 3. Here, the principal quantity is the energy relaxation coefficient x(4), defined such that (px(a))’l is

Table 3: Constants for fast charged fusion products (in the DEIRA units).

() e p3 pld
Z(o) 2 1 1
Aoy 1 1 1
Vo(a) 130.3 240.5 530.2
Clo) 0.077 0.12 0.13
Tl 20 60 300

the decay time of the energy density &£, [see Eqs (3.9)-(3.11)]. Its value does not depend on the presence
of the magnetic field and can be split into two components,

X(a) = X(a),n + X(«),e (777)

representing, respectively, the loss of energy by nuclear scattering and by the Coulomb stopping. The
contribution of nuclear scattering is important for the 14-MeV protons only, so that x4 », = Xp3,» = 0 in this
DEIRA version.
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The energy relaxation coefficient of the 14-MeV protons due to the nuclear scattering is given by [5]

AFE
PXpl1a,n = Vopla Z <E> Onk N, (7~78)
k k

where vop14 2 530.2 is the birth velocity of 14-MeV protons,

AB\ 24
(), = w4~ s Y

is the average relative energy loss of 14-MeV protons in a single act of elastic scattering off a nucleus with
atomic mass Ay, o,k is the cross-section of such scattering, € is the scattering angle in the center-of-mass
system. To within the experimental errors, one can assume isotopic invariance of all the differential cross-
sections — i.e. that 14-MeV protons are scattered exactly as 14-MeV neutrons, and there is no difference
between the T and 3He target nuclei. Also, for deuterium, we add up the non-elastic and elastic cross-
sections to the total one. By using the experimental results for the total and differential cross-sections from
Refs. [20, 21, 22, 23], we arrive at the values given in Table 4.

Table 4: Constants for nuclear scattering of 14-MeV protons and neutrons.

scatterer p D T (3He)
Onk,el [arn] 0.69 0.61 0.98
Onk.tot [Darn] 0.69 0.80 0.98
(1 — cos ) 1.0 0.70 0.70
AFE
Tnk,tot  —f [barn] 0.35 0.25 0.26
k

From Table 4 one sees that, to a good accuracy, one can assume a universal value of the product

AFE
Onk, tot <> = 0.25 barn for any D-T-3He fuel mixture, which yields
k

E
D ’U()p14 7.95
w2 0.015 214 _ 00 .
Xpl4, 0.015 I I (7.80)
The relaxation coefficient due to the Coulomb stopping can be calculated as [8]
PX(0),e = Aa)Vo(a) (Ke(@) + Fia)) » (7.81)
where .
5 3 2.4 % 107° ;
=575 [1 5x 101 a2, + C(a)xem)] (7.82)

is a dimensionless coefficient determined by the dependence of the friction force acting on the decelerated
particle on the energy of this particle, and

mevg( ) 1/2 b vO( )
«@ «@
)= | =2 ) 2T, 7.83
Te(@) ( 2Tk ) 187.5v/Tr (7.83)

the temperature Tr is defined in Eq. (7.33). The effective “absorption coefficient” k(4 is defined as the ratio
Fo(a)/ Eo(ay, where Eyqy = %mAA(a)US(a) is the initial energy of the corresponding fast particle, and Fy(q)
is the initial value of the friction force decelerating this particle. In evaluating Fy(,), we can restrict ourselves
to the stopping powers by the free plasma electrons and ions only (i.e. neglect the contribution of the bound
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electrons) because, by the time fusion reactions become noticeable, both the fuel and the neighboring target
shells are sufficiently highly ionized. As a result, we have [8]

4'/T 64 Z2a n
(@) - (P(me(oz)) Le(a) =

—1
o kea - =
Ho(@)P He(a) Eo(a) Vo(a) pMe

o YZmol <1746>3 Z8y T

= L 7.84
Z Aol Uo(a) A(a) sz’(a) +1.33 e(e) ( )

4 et 72 . SN 1/2
e ey i, (1+ m ) Liey 2
Eo(a) Vo(a) P M)

Zmot \* (143 \* Za A2
L < YZmol ) ( ) (@) (1 + ) Lia)- (7.85)
ZAmol Vo(ar) A(a) A(O‘)
Here, the function ®(z) = 27~1/2 (fow et dt — me"”2) is approximated as 3 /(23 4 1.33). For the Coulomb

logarithms Loy and L;(,) we use the expressions from Ref. [4], reduced to the case of quantum scattering
off the free electrons (but not the ions) and high projectile velocities v,y compared to the thermal velocity

\/T;/m; of the ions:

Vo) P~ “ki(a) =

e(a)
Loy =1In |1+ _ (7.86)
1405 (M)
4TF M) o ZAmol 1z
Ay = 2EM) D yagq .87
°(e0) hwpe F 1) PYZmol ( )
Lia) = In 2ma)m; Yo(a) 2TFT](O‘)/me 2
M) T Mi fyy,,, [1+ (1.781 yZ ()€ /Tivg(a))?] e
7207+ Ll ( A )2 A Ty (7.88)
20 [\ T+ 4/ ) Y 1+ (39yZay fvoie)

The effects of the Fermi degeneracy of the free electrons are accounted for by using T instead of T.; the

function
, 234+l
Moy = 0393+ Too) 773 B (7.89)

accounts for possible “subsonic” (with respect to the electron thermal speed) motion of the projectile at
Vo(a) g \/Tp/me.

For alphas and 3-MeV protons, for which nuclear scattering is ignored, we can split the total energy
dissipation X(4)&(q) between the electron and the ion plasma components by using a simple approximation
(which introduces an error < 20%)

Xe(a) = X(a) fe(a)a Xi(a) = X(a) [1 - fe(a)]v (790)
Lo

e(a) — s 7.91

fe(a) T+ T (7.91)

with the values of 7|, from Table 3. For 14-Mev protons, we adopt the following two-term approximation

Tp14
Xepld = Xp14,nfep14,n + Xpi4,c L )
Toa+ T (7.92)
T,

) = 1— N S 2
X1p14 Xp14,n( fep14,n) + Xp14,(, ( Tp14 I Te )
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where T4 = 300 keV, and fep14,, is equal to the corresponding coefficient for 14-MeV neutrons given by
Eq. (6.27), i.e.

Fopram 2 [1+ (14 A)2T./750] " (7.93)
The diffusion coefficient d ) is affected (reduced) by the magnetic field. For Coulomb stopping, Liberman

and Velikovich [7] have found that in the important particular case of Fi,) o E(1 O{ )2 one has

2
UO(Q)
die) = , 7.94
@ 90X + 492, /(0 X (o) (794
where 7 B P
Oy = 2127 2 g6y gZL2) (7.95)
M(a)C A

Since in the non-magnetized plasma with €2,y = 0 but in the general case of —1 < 9In F(,)/0In E,) < % a
more accurate formula will be [8]

U(a)
(o)l B=0 = ————, 7.96
(e)|B=0 P3N (7.96)
we adopt the following expression for the diffusion coefficient d(,) of alphas and 3-MeV protons:
2
v
o) = ote) (7.97)

89 X(a) T 490,/ (0 X ()

For 14-MeV protons, for which nuclear scattering is also important, a more accurate formula will be

2
Vop14
doyg = b : (7.98)
P10 p Xp1am + 8p Xp1ae + 49514/ [P(Xp1a,n + Xpra,c)]

8 FINITE DIFFERENCE SCHEME

8.1 Finite Difference Equations

We distinguish between the integer and half-integer numerical grid nodes. Integer nodes correspond to fixed

values of the variable m = m;, j = 1,..., N 4+ 1 and discrete times ¢ = ¢, k = 1,2,.... Half-integer nodes
correspond to m = m; + %Amj, t=tr+ %Atk. The values of m, r, u, K}, k}, &%, &y, FZ,,, F}, are assigned

to integer nodes, the values of all the remaining variables — to half-integer nodes. Below, the indices j and
k are omitted; the system of notation is illustrated in Fig. 1.
The finite difference scheme that we adopt for Egs. (3.22)—(3.34) is as follows:

=g, (1)
N S an R s 6
gl e Ll B @ T -n o) -

~Xei (Te = T5) = Xer (Te = Tr) + Qe, (8.3)
€T TZA_tTL = ﬁ {7‘3 rff:r, Tio —T;)— T riffjr T — T'i+):| + Xei (Te = T5) + Qi, (8.4)
Lasp TSV if}+%3ﬁ< — ;V>—MNE—TH+

1 2K* — — 2R — —
+F“%<ﬂ-4w—ﬂ””<n—ﬂgy (8.5)
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| Fvﬂ | F-|-7ﬂ+ | n
| I k+1
+ -+ -+ - =4
I T, u | T, Uy |
| | | 2
| m=m; | My = Mj1
Am =my —m, At =tpy1 —tg
Figure 1: Numerical grid.
BV — BV 1 [, ni_+n — I NI I p—
2r2V . L el g gy ST (R 8.6
At Am [r Am Ty —T_ ( ) r+47T Tyo—T ( Uk (8.6)
V?(Q)—Vg(a) 2 . _
— €& 1% £ - a
A7 t 38V X = Q@+
1 dia)- +d@) & = dio) T d)+ = &
— |7 (& — €& -7 —————— (E(a) — E(a , 8.7
+Am{r T (E)- =€) —T% - (Ea) = E@+) (8.7)
Xp—-X — -
DiT D Xr1qpr —2Xpqpp — X He qDHe, (8:8)
_ Xr+3irX
% - T+ 37ADYDD (8.9)
1+ 7qpr
_ Xpe+ 17X
g = 2Het 372D ADD (8.10)
1+ 7qpHe
_ Xp _ _
XB:7’ XH:XB+XH_XB7 when XB<XH7
1+ 780 XH (8.11)
_ X .
Xnu =l Xp=Xuy+Xp— Xy, when Xg> Xy.

- 1+7—BHXB’

In Eq. (8.7) index («) runs through the values «, p3, and pl4. In the above equations we introduced the
following quantities:

1
f:r—l—iuAt, (8.12)

Am =m4 —m, (8.13)

. B2 1 2
P=-—naV+ P+ P+ 87 + § asp T;l + g (ga + 5p3 + 5p14), (8.14)
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(U+ +ﬂ+)fi—(u+ﬂ)f§

/= 1
v 2Am ’ (8.15)
1 Uy + ﬂJr u+u
_ N 8.16
2Am | 7y Pl (8.16)
Oee Oe; Oee Oe;
el = S iT = A eV = A7 7 = S5 817
“T=or, “TTory “VToav VT oav (8.17)
Qe = QB + er + Qecl + Qen + Xea Ea + Xep3 Ep&'a + Xepld E‘1)14 - (Pe + 6eV) Vv (818)
Qi = Qict + Qin + Xia Ea + Xip3 Eps + Xip1a Epra — (P + &v) V +
+nsca (V)2 + nten (2)2, (819)

1 en2 B_-B b B
o= () e () (2552

+Fi% (ﬁ)z (nL+n14) (B B+> (B; B+> , B = %(B + B), (8.20)

Tyo—T m
Xp At
T=At s TBH = qBH. 8.21
V Amol |4 Amol ( )
Coefficients k), &%, k, &}, k), R are defined at the integer nodes of numerical grid, i.e. at the boundaries

between grid intervals. They are evaluated according to the following formulae:

i = min |l F, %] : (8.22)
kY = min _n’{; Er. %] , (8.23)
iF= min k% FF 0'5(”_r|) , (8.24)
em ) TE* 2 T€7
kg = 0.5 (Ke— + Ke), (8.25)
ema Te— < Tea
zm ) Ti— Z 711"
ki = 0.5 (ki + Kq), (8.26)
zma Tif < Ti7
T’m 9 T’l"* 2 T’I"?
’%: = 05 (KT— + KT)) T‘77L - (827)
rm; Tr— < Tr-
The quantities Fe,,, Fim, and F,,, are defined in Egs. ( (7.66), and(7.36). The new values of the specific
volume are calculated from the formula
- _ _1_17 At S+1_ 7+l7At s+1
V = (7"+ 2 U+ ) (7" 2 u ) , (828)

(s+1)Am

which implies rigorous conservation of mass in each mesh interval Am.
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For the coefficients of the total viscosity 7scq and 7, the following expressions are used

; 07 Ut > Uu,
Nsca = ‘7/ + Am (829)
W [Mlav,scus + MQav,sc(u - u—i—)} , Uy < U,
0 Uy > U
_ Mitn 2542 ’ ="
Nten = 7<T > + Am <7::S+2> (830)
# [,Uflav,tnus + ﬂQav,tn (u - U+)] , U4 < u,
where
%) =(1— Oqu,sc 7 + Oav,sc 7 ) 8.31
s > +
(FF2) = (1 = 0qu,tn) P2 + Oauan 71 2, (8.32)
<f28+2> = (]- - Uav,tn) f28+2 + Oav,tn f.2|_5+2a (833)

us is the adiabatic sound velocity defined in Eq. (5.10). In each of the Eqgs. (8.29) and (8.30), the first and
the second terms on the right-hand side represent, respectively, the physical and the artificial components of
the viscosity. From Eqgs. (8.29)—(8.32) it is seen that the adopted version of the artificial viscosity contains
six dimensionless parameters: fi14,,sc — the coefficient of linear scalar viscosity, f2qy,sc — the coeflicient of
quadratic scalar viscosity (the Neumann-Richtmyer viscosity), ft1qv,tn — the coefficient of linear “tensor”
viscosity, paqv,tn — the coefficient of quadratic “tensor” viscosity, and 0 < 04y,5c <1 and 0 < 0gyen <1 —
two free parameters of the approximation. The choice of specific values for these 6 parameters is discussed
in Ref. [3]. A recommended set of values for the “center” and “closed cavity” left boundary conditions is
given in Table 5. In the case of the “open halfspace” left boundary, when the artificial t-viscosity is turned
off, one has to assign a non-zero value of pogy, sc (SaY, H2av,5c = 2).

Table 5: Recommended values of the 6 parameters for artificial viscosity when IFLBND = 0,1

Hlav,sc H2av,sc Oav,sc Hilav,tn H2av,tn Oauv,tn

0.1 0 1 0 2 0.1

8.2 Conservation Laws

The finite difference equations (8.1)—(8.10) ought to be augmented by the finite difference expressions for
the momentum and various energy components. Omitting for simplicity the trivial factor K (s) given by
Eq. (3.18), we adopt the following expressions for the electron, ion, radiative, magnetic, and fast-product
components of the internal energy content in a Lagrangean mesh interval Am (assigned to half-integer nodes
of the grid):

AE. = €. Am, AFE; =¢; Am, AE, = aSBTfV Am,

1
AEp = 8—B2V Am,  AE() = &)V Am. (8.34)
™

The momentum and kinetic energy are naturally assigned to integer rather than half-integer grid nodes
— together with the velocities u. In doing so, we assume — in compliance with Eq. (8.2) — that each
integer node has a mass equal to the arithmetic mean of the masses of the two adjacent mesh intervals. The
momentum and kinetic energy of a mass interval (assigned to a half-integer node) is defined as the arithmetic
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mean of the momenta and kinetic energies of the corresponding left and right integer nodes:

%ATM uy + E(Aml + Amg)ua, J=1
Ap = i [(Am_ + Am)u+ (Am+ Amy)us], j=2,...,N—1, (8.35)
i(AmN—l + Ampy)un + %AmNUN—Hy J=N;
1 , 1 ) .
ZAml uj + g(Aml + Amg)us, ji=1,
AEgin = é [(Am, + Am)u® + (Am + Amﬁui] , j=2,...,N—1, (8.36)
é(AmN—l + Amy)ui + iAmNusH, Jj=N.

Next, define the momentum flux density

1 .
i(Pbl_Pl)v j=1,
1 1
M= 2F%P-43—F@an—mmm],j:z”wNv (8.37)
1

5 [f?\/H(PN = Py) — =

2 nten,NEN:| 5 ]: N+ 17
TN+1

the flux density of the internal energy (work by pressure forces)

1 ‘
5('&1 + 1) Py, j=1,
1 1
L | B et (3.39)
1 B} ,
5 (un+1 +UN1) R Por j=N+1,

the electron, ion, and radiation heat flux densities

0, j=1,
2R* — —
er = 7 %(TG— _Te)a .] = 27"'7N7 (839)
7"+ —Tr_
0, j=N+1,
0, j=1,
2kF — —
Fi = { P (Tyu =Ty, j=2...,N, (8.40)
ry —T—
0, J=N+1,
0, j =1AIFLBND = 0,1,
1 _
~casp(Tes — To1Tr1), j =1ATIFLBND = —1,
A (8.41)
75%(77“77?7“)’ j:2,...,N,
ry —T—
lm 7 (T3NT N — T2 =N +1
4 SBTN+1( r, N+ r,N rex)v J = + )
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and the flux densities of the energy of fast fusion products

0, j=1ATIFLBND = 0, 1,
2d(a)1 .

—— &)1, j=1ATIFLBND = —1,

Fay=4 27" 8.42
“ 2 7d(a)_ + d(a) (E(Q), — E(a)) 7=2,...,N ( )
F+ 7?_ ) b ) ?
Qd(a) N —
TNi] ——————€& j=N+1.
TN+1 TNt —TN (@),Ns J +

across the left boundary of the j-th mesh interval (j-th integer node of the grid). Expressions (8.38)—(8.42)
for the flux densities account for the boundary conditions (4.1)—(4.15).

Having adopted the above discretized definitions of the momentum, energy, and fluxes, one readily
ascertains that the numerical scheme (8.1)—(8.11) has the following conservative properties. First of all,
when just the equations of hydrodynamics are considered separately, the numerical scheme (8.1)—(8.4),
(8.28) is fully conservative provided that e.; = constant, e;;r = constant, and €.y = ¢;y = 0 because the
increments of the momentum Ap and the total energy AE = AFy;, + AE, + AE; in any mesh interval for
any time step can be cast in the divergent form

Ap—Ap

= II4+1I 8.43
At + +> ( )

AE - AE
At

Moreover, the total energy AE = AEy;, + AE. + AE; + AE, + AEy3 + AEp14 is still conserved when
the diffusion equations (8.7) for the energy density of fast fusion products are added to the hydrodynamic
equations (8.1)—(8.4) (because expressions (8.18) and (8.19) for Q. and Q; contain “new” values £,, Ep3,
and &,14). The conservation of energy is violated, however, by the radiation diffusion equation (8.5) because
the heat capacity of radiation 4aggT; is strongly temperature dependent and taken from the previous time
step.

A special attention should be paid to the magnetic energy AEg. From Eq. (3.27) one derives the following
equation for the specific (per unit mass) density B?V/87 of the magnetic energy:

9 (BVY B9V 9 [[c\? OB c\2 oB\”

— — ——=—||-—=) ™nLB— —(—) Vi—] . 8.45

ot ( 81 ) * 8t Ot  Om [(47r) G 87’] i) M (8r> (8.45)
The second term on the right-hand side of Eq. (8.45) is the Joule heating. For our numerical scheme to be
conservative with respect to the magnetic energy AEp, the discretized form of Eq. (8.45) should look like

- fkin*fkin—s—“i’fe*Fe++fi*fi++ch+Qn+QdT" (844)

1 BV -B%V B2. 1

SR T v A (8.46)

where Fp and Qp are the finite-difference approximations of the diffusion flux and Joule heating,

c\? , 0B c\? OB\>
.;EBQ'J(E) r nLBW, QB% (E) ’I]LV<8T) . (847)
When we multiply Eq. (8.6) by
1 - 1 —
—B=— A4
gy o (B+ B) (8.48)

we obtain

727_ 9 — v 5 - -
1BV BV+<BB>V Vo1 (c> [rsmjum(B_B)B_

8t At Sr ) At Am \dr Ty T

LT B B]. (8.49)
Tyo2 —T
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BB\ V -V B2 . B2 .
Although the term | — is not exactly —V, it approaches —V in the limit of At — 0 (or at
8T At 8w 8T

u — 0,7 — 0). Finally, we can rewrite Eq. (8.49) in the form

1 BV-B2v (BB\V-V 1 seN2| om_+mB_+B— -
APT L () T - ]

= (= B —B)—
81 At 8T At Am \4x Ty —T_ 2 ( )

B+B, — —
St g,) -
Tio—T 2

c\2 1 _ I — L~ — = = ~
_ (E) - {TS ”Fi _’L?77_L (B-B_)(B-B_) +Fi%(3+ “B)(B, - B)|, 8:50)
which implies expression (8.20) for the Joule heating Q5 and the following expression for the flux density
Fp of the magnetic energy,

1 2 . . B_—B

Fp=35 (i) (i +nu)(B- + )ﬂj (8.51)

The finite difference approximation to the artificial viscosity is constructed in such a way that the viscous
dissipation of the kinetic energy is strictly non-negative and heats up only the ion plasma component [see
Eq. (8.19)]. However, the increment of the specific entropy may, strictly speaking, sometimes be negative
because Egs (8.3) and (8.4) are written for the internal energy rather than the specific entropy and contain
the “old” value of pressure P. The entropy disbalance decreases in direct proportion with the value of the
time step At. Note also that, since the equation of motion (8.2) contains the “old” pressure P, our numerical
scheme is an explicit one and is subject to the Courant restriction on the values of the time step At.

All the relaxation and diffusion terms in Eqs (8.3)—(8.7) use the “new” values of of the corresponding
principal variables T,...,Eq4,.... This removes the problem of numerical stability with respect to these
processes but does not imply that these processes do not impose any additional restrictions on the values of
At: such restrictions may be dictated by strong dependence of the corresponding diffusion and relaxation
coefficients on dynamic variables when the values of the coefficients are taken from the previous time step.

The numerical scheme for the equations of nuclear kinetics (8.8)—-(8.10) is chosen in such a form that
it admits large relative changes in the concentrations of tritium, X, and helium-3, Xg., (but not in the
concentration of deuterium Xp) in one time step. The initial values of X7 and X g, can be arbitrarily small,
while the initial value of Xp should always be on the order of unity.

9 NUMERICAL ALGORITHM

Once the “old” values 7, u, T¢, ... of all the principal variables are known, the thermodynamic functions and
the kinetic coefficients have been calculated, and the value of the next time step At is specified, one can solve
the finite difference equations (8.1)—(8.10) to calculate the “new” values of the principal dependent variables
7, W, T, .... This step is realized in the subroutine UPSLOI, and the scheme of solution of Eqs. (8.1)—(8.10)
described below is in fact a block-scheme of this subroutine. The subroutine UPSLOI consists of 5 major
blocks (NEWXDT, NEWRU, NEWEAL, NEWHZ, NEWTTT), each of which solves a certain subgroup of
equations (8.1)—(8.11).

I. Block NEWXDT. In this block, new concentrations Xr, Xge, Xp, X5, and X g are calculated from
Eqgs (8.8)—(8.11).

II. Block NEWRU. In this block, equations (8.1) and (8.2) are solved and the values of 7, u, and V are
calculated. The solution is obtained through the following steps.

1) From Eq. (8.12) the radii at half-step 7 are calculated.

2) The values of @ are calculated by solving the system of linear equations (8.2). The scheme of solution
is as follows. First of all, we introduce a representation

u=Au; + B, (9.1)

where A and B (not to be mixed up with the magnetic field strength B) are arrays of unknown coefficients.
Since the general form of Eq. (8.2) is

at_ + fu+~yuy + 0 =0, (9.2)
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where «, 3, v, and § are known, we substitute into it the expression u_ = A_ u+ B_ and obtain the following
recurrent formulae for calculating the arrays A and B:

~S 7;-0- st
7737'++77t 7

B= {u +7T [2(Pm,, — Poy) +ns(ug ™, — uf®) — ns— (ui® —u_r® — B_7° )+

A=T /9, (9.3)

~ s+2 ~ ~
+ (TT) (U+~T - u> — 1 (u — (u- + B—)f) }/Qv (9-4)
T Ty T
o\ 7
Q:1+T ngfs+nq_(f5_A_7:S_)+77f (7:) +77f_ (I_A_f)] R (95)
where
TNsca Nten
s = ) = ——— 13, 9.6
" Am 1t Am fj_+2 (9:6)
At
T=———7° 9.7
Am+ Am_ " (07)
B 1, 2
Py =P+ P+ —+ saspT, + - (Ea + Epz + Epra). (9.8)
8t 3 3
The boundary conditions are fulfilled as follows.
Left boundary, j = 1:
a) “center”, IFLBND=0:
A1 == Bl S 0; (99)
at j = 2 in this case it is assumed that A_/7_ =0 and (u— + B_)/7_ = 0;
b) “closed cavity”, IFLBND=1:
Am_ = 07 Nsca— = Mten— = Oa (910)

1 B? 1 2
an_ = Pbl(t + *At) + -1 + *GJSBT;ll + *(504,1 + Epg 1+ gp1471);
2 8Tt 3 ’ 3 ’
here By, Tr1, a1, Eps,1, Epia,1 are the values of corresponding quantities in the first (from the left) mesh
cell, i.e. at j = 1;
¢) “open halfspace”, IFLBND=-1:

Am_ =0, Nseca = Nten— = 0, (9.11)

1
Bult+341 | LasuTh (t+ 2A0)
riexr 2 *

1
Po— = Pyt + =At
bi ( +2 )+ o 3

Right boundary, j = N + 1:
Am =0, Nsca = Nten = 0, (912)

B2 (t+iAt) 1
M + ,aSBTT‘lew
8 3

P, = Py (t + %At) + (t+ %At);
in particular, this implies Ay 41 = 0, Un41 = Byy1. Once the coefficients A= A;, B=B; (j=1,...,N+1)
are calculated, the values of @ = wu; are obtained through a recursive run in the opposite direction from
Eq. (9.1).

In the process of solving for u, the values of V and of the viscous heating nsca(V)2+nten(E)2 are calculated
as well; the latter is added to the ion heating @Q;, while the values of V are memorized to be used when
solving Eqgs (8.3)—(8.7).
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3) The new radii are found from

?=f+§HAt, (9.13)
while the new values of the specific volume V are calculated from Eq. (8.28); the old values V are being kept
until exiting UPSLOI.

If the “closed cavity” boundary condition is chosen initially, the central void cavity may close in the
process of implosion, i.e. the inner (left) radius r; of the target — which initially must be positive — may
reach the value 71 = 0. We use the following criterion of void closure: the void cavity closes at a given time
step if

1 1 1
fl =7+ §U1At § 57’1, or 71 = fl + iﬂlAt S 0.01 fl. (914)

Once this criterion is fulfilled, the value of IFLBND is changed from IFLBND=1 to IFLBND=0, the values of
71 and u; are set equal to 71 = w; = 0, and the amount of kinetic energy iAmlu% is added to the ion
component of the internal energy by assigning

1
Qin=Qi1+ iu%/At. (9.15)

II1. Block NEWEAL. In this block the linear equations (8.7) for the energy density E(a) of fast fusion products
are solved. Each of the three diffusion equations is solved independently from the other two according to the
following scheme. First of all we note that the necessary boundary conditions (see section 4) will be fulfilled
after we rewrite Eq. (8.7) as

_ 9 . _
Vg(a) — Vg(a) + 3 AtVE(a) + At X(a)g(a) =

0, j =1AIFLBND = 0, 1,
At Qd(a) — .
=AtQ)y+—1 ——=&(), = 1A IFLBND = —1, -
Yt An | TR oFt@ J
s -t da) & = :
T E@-—Cw), i>1,

Ty T

=S

da +da+ - = .
% (g(a) _g(a)+>7 J <N7

At t T, —TF
- AN 9.16
Am s Qd(a) E N ( )
T+ R O J=N.
Once we introduce a representation B B
€(a) = A€ @+ + By, (9.17)

we can calculate the coefficients A(,) and B(,) from the following recurrent formulae,

Flay+
Apg) = —2+ 9.18
@ = Am O’ (9.18)
1 2 . 0, ji=1,
Bay=qg - VEa) + At Qo) — gg(a)V +y £ g , (9.19)
(a) ()P (a)— j>1
Am 9 )
0, j =1AIFLBND = 0,1,
- At 2dg
oy =V + At (o) + 4 —— j=1ATFLBND = —1, ¢+
Am T4 —T

Fayd = A)-)

i1,
Am > J
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Fa
o j<N,
A e (9.20)
Am tr - T
At
F(a) =T o — (d(a)_ + d(a)) (921)
4+ r_

Once the values of A,y and B(q,) are calculated, one obtains E(a) from Eq. (9.17). The boundary conditions
are satisfied by setting either £, n41 = 0 or Fo) n41 = 0.
After the values of g(a) have been found, the energy dissipation rates Xe(a)g(a) and Xi(oz)g(oz) are added

to the electron and ion heating rates Q. and @Q;, respectively.

IV. Block NEWHZ. In this block the diffusion equation (8.6) for the magnetic field B is solved. To satisfy
explicitly the boundary conditions, we rewrite it as

0, j =1AIFLBND = 0, 1,

2
BV-pv=L) © T
Am | 4n 7L —T

2
Cpl-t g B s,
4 Ty —T_

(Bw — B), j=1ATFLBND = —1, o —

2 NL+N1+ - 5
—7 ——(B—-B i < N

- 9.22
Am . 2 (B - By) N (0:22)
Ar + 74_ = br), J =1,
Once we introduce a representation - -
B=AB; + B, (9.23)
we can calculate the coefficients A and B from the following recurrent formulae,
F
Am@ J< N,
= m .24
A & At 2 N (6.24)
dr AmQ Try -7 I
0, j=1ATIFLBND = 0,1,
1 2 At 2
B=—|BVv+{ & 20 2L g i _{ATFLBND = —1, ¢|, (9.25)
Q dr Am T, —T
F5- > 1
Am ) j )
0, j =1AIFLBND =0, 1,
= 2 At 2
O=V+{ & 20 A1 i | ATFLBND = —1,  +
dr Am T4 —T
F(1-A.) )
_— > 1,
Am ) J
F
Ai7 ] < N7
m
2
+ 02 At s 2,01— ) N ? (9 6)
Rl _
4t Am T T T J ’
c? At
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Once the values of A and B are calculated, one obtains B from the recurrent formula(9.23). The boundary
condition at the right boundary is satisfied by setting By11 = By,

V. Block NEWTTT. In this block, three coupled systems of linear equations (8.3)(8.5) for T., T;, and T,
are solved. First of all, to fulfill the boundary conditions for radiation diffusion, we rewrite Eq. (8.5) in the
form

— — 1. _ —
dasp TE 14 (Tr - Tr) +asB T:‘l (V -V+ 3VAt) = Xer (Te - TT)At +

0, j =1AIFLBND = 0, 1;
casp At 4 e ,
+ — (T —TT,), = 1A IFLBND = —1; -
4 Am( rlex r ) J
At 2R — =
e (T =T,), j>1,
" Am(ﬂ—?,)( ) J>
At 2R} e —
71*# T,—T,+), j<N,
B Am (22 —7) . (9.28)
casp _g At 375 " .
—=7— (7T, - T...), =N,
4 7“+ Am ( T rez) J
Then, we cast Eqgs (8.3), (8.4), and (9.28) in the matrix form
IGI- T = I1FN - 1Tl + el (9.29)
where
T. G11 G2 Gy
ITI=||T, ||, IGI=|| Goy Ga2 Gas ||
T, Gz1 Gz Gz3
Ql F@+ 0 0
RI=1{ @ || IFl=| o F. 0o |- (9.30)
Solution to Eq. (9.29) is obtained by assuming a representation
Il = 1Al 1T+ + 1B, (9.31)
and using the following recurrence relations
Al =IGI~ - 1EL 1Bl =161 - [ell, (9.32)
to calculate the matrices ||A| and ||B]|. Here
Gi1 = €7 + Xer At + Xei At + Fo (1 — Ay ) + Foy, (9.33)
G12 = —Xer At — Fe Alg_, (934)
G13 = —Xei At — F Az, (9.35)
0, J=1
G21 = —Xer At — ) (936)

FTA21—7 .]>1a
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In addition, we set

36
0, j=1AIFLBND =0, 1,
Gao = 4asp TPV + Xer At + CaSBﬁTE, j=1AIFLBND = -1,  +
4 Am
Fr(l_A227)7 j>]-7
F’r‘+7 J < Na
+ , (9.37)
Casp _g At T3 N
T —_— =
4 + Am roJ ’
0, Jj=1
Goz = , (9.38)
*Fr A23—a ] > 17
G31 = —Xei At — Fi 1431_7 (939)
Gaz = —F; Az, (9.40)
G33 = €7 + Xei At + Fi(1 — A3z ) + Fiq, (9.41)
Q1 =¢€or 1. +Qe At+ F, By_, (942)
0, j =1AIFLBND = 0,1,
Q2 =asp T} BV +V — VAl +q <55 ﬁTflem, j=1ATIFLBND = —1, +
3 4 Am
F,.By_, 7 >1,
0, J <N,
+ , 9.43
casp At JP— . ( )
4 M T4 Treac’ J= N?
Qg = &T Ti + Qz At + Fz B3,, (944)
At 2RkF At 2R* At 2RF
Fe:?&‘i He7 Fr:Fsi HT7 Fi:FSi RZ- (945)
Ty —7T_ Am T+ —7_ Am Ty —7_ Am
Fein=Fi1=F.ntm=Fint1=Fnt1=0 (9.46)

to satisfy the boundary conditions. Once the matrix arrays ||Al| and || B|| are calculated (note that at each
recursive step we have to invert matrix ||G||), the arrays T, T';, and T, are found in a reverse recursive run
from Eq. (9.31).

10 EVALUATION OF THE TIME STEP

The numerical algorithm implemented in the DEIRA code does not allow to return to the “old” values of
the principal variables (3.20) after the “new” ones have been obtained in the case when too large a time step
At has been chosen. Hence, a special attention should be paid to the procedure of evaluation of the next
value of At. This procedure is realized in the subroutine STEP. It incorporates the following upper bounds
on the value of At.

1) For the explicit method (8.2) of solving the hydrodynamic equation of motion to be numerically stable,
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the time step At should be restricted by the condition [24]

]_ —
At < K, min { TN+l TN 72 Atc} ) (10.1)
2[(Py—~P.n — Pin)VN]

where

Atc = min { a (10.2)

ry—7T 1 ry—7T
J

1+ Miav,sc + ,Uflcw,tn) ' Z |U+ - u| (HQ(LU,SC + ,Uf2av,tn)

us is the adiabatic sound velocity [see Eq. (5.10)], and 0 < K, < 1 is the safety coefficient. The second term
on the r.h.s. of Eq. (10.2) is evaluated only during compression, when u > u..

2) Since energy equations (8.3), (8.4) contain “old” values of all the heating rates and heat capacities,
an additional restriction on the value of At is needed to avoid large errors in simulating fast thermal flares.
As such, we have adopted the condition

€min + €eT Te + €57 T

At < K, ,
@ ‘Qecl + Qen + er| + ‘Qicl + Q1n| + Xagoz + Xp35p3 + Xp145p14

(10.3)

where €,,,;,, is a constant setting the “energy sensitivity threshold”, K¢ is a safety coefficient whose typical
values are Kg ~ 0.1-0.2.

3) For fixed values of the heat capacities, diffusion and relaxation coefficients, the conditions of numerical
stability of the diffusion and relaxation terms in Eqgs (8.3)—(8.7) impose no restrictions on the value of At.
On the other hand, within the framework of our numerical scheme, strongly non-linear heat and radiation
waves with steep temperature gradients can propagate no faster than one mesh interval in one time step.
Clearly, adequate simulation of such waves requires an additional restriction on possible values of At. We

introduce the corresponding upper bound for At by simply correcting the previous value of the time step
At_:

1+ Ka, 0<Kyr/(14+ Ka),
At
S L Kyr/(14 Ka) <8 < Kyp (14 Ka) (10.4)
Kvr
5
Here KA ~ 0.1-0.2 sets an upper limit for a possible increment of At in a single time step, Ky 1 is the upper
limit for possible relative changes of V', T¢, T;, and T, in a single time step. The quantity J is defined as

Kyt (1 +KA) < 4.

6 =max{dy; or,; Oor; Or.}, (10.5)
vV Vv
ov = viog( ! 10.6
maX{Te; Tmzn} + Tmzn Te + Tmzn
o7, = —— 1l 10.7
T mjax {max { Te + Tmzn maX{TG; Tmzn} + Tmln } } ( )

Maximum relative changes of the ion, dr,, and radiation, dr., temperatures are defined analogously to
d7.. Note that condition (10.4) allows the value of At to decrease arbitrarily sharply and to increase only
gradually.

It should be mentioned here that in some cases, when temperature jumps are present in the initial
conditions or some processes are “turned on” abruptly, the step correction procedure (10.4) cannot prevent
from a few “bad” steps. Also, when certain transport coefficients are too strong functions of their arguments,
this procedure may become weakly unstable. Otherwise, in most practical cases it proved to be quite adequate
in keeping the discretization errors at a sufficiently low level.
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11 BLOCK SCHEME OF THE DEIRA CODE

begin run
START
A <
The principal block scheme of the DEIRA code is URSOS
shown in Fig. 2. It displays the following sequence
of calculations. After the main run parameters have
been assigned, the subroutine START is invoked to
construct the numerical mesh and to assign the ini- DRIVE i
tial values to all the principal variables. Then, be- -
tween the starting (A) and the ending (B) points of
the main loop, the principal variables are recalculated KINBUR
to a new time moment. First, URSOS calculates all
the necessary thermodynamic functions. Next, the ex-
ternal energy input Qg is calculated in the subroutine STEP
DRIVE. After that, KINBUR calculates all the trans- o
port and relaxation coefficients, thermonuclear burn i
rates, and electron (Qec; + Qen) and ion (Qic + Qin) n
components of the local heating by the charged fu- EBALNC (1)
sion products and by fast neutrons. Subroutine STEP 0
evaluates the time step At to be made. In EBALNC, p
corresponding increments are added to various com- NEWXDT
i U
ponents of t‘}}e hl,)’erated thermonuc.lea-r energy. And, p| NEWRU
finally, the “new” values of the principal dependent g
variables are calculated in the subroutine UPSLOIL. | NEWEAL
After that, the control is returned back to point A O| NEWHZ
and the whole cycle is repeated for a new time step. I
Note that the sequential order of the subroutine calls NEWTTT
shown in Fig. 2 is essential and must not be changed. B
printout f
end of run
Figure 2.

12 TEST PROBLEMS

In test simulations, the numerical results from the DEIRA code have been compared with analytic and
self-similar solutions for one or several equations from the full system (3.1)—(3.14). The test problems can
be grouped according to the specific physical processes under trial.

12.1 Hydrodynamics

The basic set of test problems for hydrodynamics is described in Ref. [3]. Test runs have been performed
for the Guderley solution (in cylindrical and spherical geometries), for a planar piston with reflection of the
shock wave from the rigid wall, for the problem of homologous compression and expansion of a sphere. On
the basis of these tests, the values of the six free parameters of the artificial viscosity have been chosen. In
addition, a test run has been performed for the self-similar solution of a planar shock with heat conduction.
The agreement with the exact solution was no worse than that observed earlier for the GITTAM code [25].

In all the above tests, an infinitely fast relaxation between the electron and ion temperatures has been
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assumed. To test the process of temperature relaxation, the following version of the planar piston problem
has been simulated. An ideal-gas equation of state of the form
1 1 T T;
P, ==-pT P,==-pT; = — ;= —————— 12.1
e 2P e i 2/7 i €e 2(7_1)7 €i 2(7_1)7 ( )
is assumed; the electron-ion relaxation coefficient y.; is assumed to be constant, while the coefficients x,
Ke, and k, are all set to zero. The initial state of the gas with v = 5/3 in the region 0 < r < Ry =1 is taken
as
p(0,7) = pg =1, T.(0,r) = T;(0,7) = 0. (12.2)

Starting from ¢ = 0, a constant pressure P; is applied to the right boundary such that a strong shock
propagates to the left with the speed D = —1. Gas parameters behind this shock are given by

9+l 2 , 3

P1 _1P0 ) 1 7+1P0 1’ (12.3)
1 2(y—=1) o 3
T=-(T.+T), = "Jp2_ 2 12.4
1 2( + T (1 1) 16 (12.4)
Te:Tl{l—exp |:—4(’yl)—~_1)Xei (T—To)}}7 (12.5)
4 1
T, =T {1 + exp {—(’YDH Xei (1 — T‘O):| } , (12.6)

where rog = Ry — Dt is the shock front position at time ¢. Comparison of the exact solution (12.5), (12.6)
for xe; = 1 with the DEIRA simulation on 40 mesh intervals at t = 0.75 is shown in Fig. 3.

Figure 3: Electron-ion temperature relaxation behind the shock front.

12.2 Electron Heat Conduction and Diffusion of Radiation

Propagation of heat and radiation waves has been tested against motionless background by using the self-
similar solution for a planar heat wave entering the half-space with a fixed temperature at the outer boundary
and a power-law temperature dependence of the heat conduction coefficient. In such a case, the equation of
heat conduction is

or o 0T
o = oy (“OT m) : (127)
where cy is the heat capacity per unit mass at constant volume. By indroducing the self-similar variables
1/2
n+1 pcy r T
— —, T = -, 128
¢ ( 2 roTg ) Vi Ty (128)
Eq. (12.7) can be reduced to
d?rntl dr
T — =0. 12.9
G (12.9)
This equation should be solved with the boundary conditions
T0)=1,  7(&%) =0, (12.10)

augmented by the condition for evaluating . The latter can be obtained by integrating Eq. (12.9) and
noticing that the product 7" (dr/d€) must vanish at £ = £, because the heat flux, proportional to 7" (d7/df),
must be a continuous function of r:

&o
dr
a= [1dé=—-(n+1) — . (12.11)
O/ g P
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The constants &y and « define the penetration depth

2o T 12
=& | —00 ¢ 12.12
1= |G e | i
and the energy
s 1/2
20 T
E = pey /Tdr — aT, (W t) (12.13)
n

of the heat wave in the half-space. The values of these constants calculated for certain n are given in Table 6.
To the accuracy of ~ 0.6% one can write

n+1
ax | ——
n+m/2

1/2 A 1/2
) . 0<n<oo; goz(1+2—) , 1<n< oo (12.14)
n

Table 6: Eigenvalues for a self-similar heat wave into a planar wall.

n 1 2 3 4 ) 6 7

& | 1.616121 | 1.335363 | 1.231172 | 1.176523 | 1.142817 | 1.119935 | 1.103380

o | 0.887496 | 0.922297 | 0.940688 | 0.952049 | 0.959760 | 0.965336 | 0.969556

Three different types of heat waves have been tested corresponding to the following combinations of the
transport coefficients:
1) electron conductivity wave with

Ke = keo T2, Kr = Xer = 0; (12.15)

2) radiation heat wave with
e =Xer =0,  Kp=rpT}; (12.16)

3) electron-radiation heat wave with
_ 3 R 3 _
Ke = Keo Iy, Kp = 10° Keo T}, Xer = OQ. (12.17)

In practice, these tests have been realized as different variants of the following planar target with the equation
of state from Eq. (12.1) and agp = 107

p=1LT. =T, =1 p=11T. =T, =0
I 1 |
r=20 1 2
N =25 N =100
v = 1.001 v=2
ke = 108 or 0; ke = 10% Tj or 0;
Xei = 108; Xei = 1085
Ky = 0 or 108; Ky =0 or 104Tr7;
Xer = 0 or 108; Xer = 0 or 108.

In all cases, a good agreement between the DEIRA results and the analytic solutions have been observed,
with the errors in the front propagation velocities not exceeding 1-2%.
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12.3 Diffusion of the Energy of Fast Fusion Products

The diffusion equations for the energy density of three charged species of the fast fusion products have been
tested against the following three problems.

1. Non-stationary diffusion. Consider a motionless gas slab in the rerion 0 < r < 1 with constant values
of p, Xa, and d,. In the absence of the source term (@, = 0), the diffusion equation (3.9) takes the form

0 0%E,
- . 12.1
ot + PXa Ea = da a2 ( 8)
This equation has a partial solution
Ea=Che + G t| cos (7T r) (12.19)
a = Uq €X - a o ) .
P PXat 350" 5

which satisfies the boundary conditions (4.3), (4.15). In Eq. (12.19), the relationship (7.97) between x, and
d, has been taken into account. Numerical simulations have been performed on a grid of 40 mesh zones for
the ideal-gas equation of state (12.1) and the following initial state:

p(0,7) =1, T.(0,7)=T;0,r)=3x10"7, ya=1, Co=105. (12.20)

Under such conditions, the hydrodynamic motion can be neglected for times ¢ < 1. At ¢ = 1, the values
of £,(t,r) calculated with the DEIRA code for vo, = 4v/2/m deviate from the exact solution (12.19) by no
more than 0.4%

2. Stationary diffusion. Consider a stationary gaseous sphere of radius R with constant values of p, x(a),
and d(,), inside which the source @ (,) has a constant intensity. Beyond this sphere, the gas is assumed to
be in the same state, but the source term vanishes, i.e. Q(o) = 0. Then, the equation of stationary diffusion

10 ol
<A (TQd(a) a(r )> = PX(0)€(a) T PRQ(a) =0 (12.21)

has a solution

1 — Csinh/€), :
Elay(r) = Qo ) { e, s (12.22)

X(a
@ | Dexp(-8)/g,  €> &,
where
V8 V8
§=—PX() T §o = PX(a) R,
fo(e) vo(e) (12.23)
C = (1 + &) exp(—&o), D = & cosh & — sinh &.

Simulations have been performed in the region 0 < r < 3 with R = 1 (40 mesh zones at » < 1, and 60
between 1 < r < 3). The initial data and the values of constants have been set as follows:

Voo Vop3 Vop14

Xa:ﬁv Xp3:%7 Xpla = \/g y P

(077') =1,

1 0<r<l, (12.24)
Te(O,r) :TZ(O,T):lo keV, XD:XT:XHe:

The hydrodynamics and the heating and cooling of plasma have been “turned oftf” artificially. The source
terms Qq, Qp3, and Qpia were calculated according to the formulae from section 6.2 (depletion of fuel has
been turned off as well); for voa, vops, and vopia, the values from Table 3 have been used. Under such
conditions, a steady state is reached within At <0.01. Table 7 compares the values of &,, &3, and £p14 from
the DEIRA simulation with those from the analytic solution (12.22) for ¢ = 0.485 at three characteristic
radii.

3. Adiabatic compression. In the limit of x, = d, = 0 and in the absence of sources (Q, = 0), Eq. (3.9)
describes adiabatic compression of fast fusion products with the adiabatic index 7, = 5/3. In particular,
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Table 7: Stationary-diffusion test for the energy densities of fast fusion products.

DEIRA simulation analytic
J Ea Eps Ep1a Ea Eps Epra
1 2.2154 | 2.185 x 1073 | 3.221 x 1073 | 2.2102 | 2.180 x 1073 | 3.213 x 1073
40 1.1348 | 1.119 x 1073 | 1.650 x 1073 | 1.1529 | 1.137 x 1073 | 1.676 x 1073
(r=1)
2(33 | 0.1819 | 1.793 x 10™* | 2.644 x 10~ | 0.20995 | 2.070 x 10~* | 3.052 x 10~*
r=2

when a strong shock passes through a gas with the equation of state (12.1), the energy density of fast
products should jump by a factor

,_Y+1 Yo 5
— =10.08 f = -
('v—l) T3

across the shock front. A corresponding test run has been done for a planar piston problem with y, = vgq =
10~7; the results are shown in Fig. 4.

Figure 4: Adiabatic compression of &, across the shock front.
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A Single-fluid dissipative MHD equations derived from the two-
fluid Braginskii equations

I will write this chapter when I have time.

B Opacity model: version DEIRA-3

B.1 General formulae

In the approximation that radiation field has a locally Planckian spectrum with temperature 7, in the
comoving reference frame, the transfer of radiation can be described by the diffusion equation

r 4 l
a@i +uVE + g&div(u) =div <63R V&«) +
OO~ 40’T
+ [ ko(hv) [B(v,T.) — B(v,T,)] dv + p ne&r - (Te — Ty). (B.1)
o €
Here -
1
& =- /B(V7 T,)dv = aspT? (B.2)
c
0
is the energy density of radiation in the comoving frame,
agp = 2758 _ WZ —1.372 x 101 ergs cm—3 keV 4, (B.3)
c 15%°¢3

with the ogp being the Stefan-Boltzmann constant, kq(hr) [em™!] is the absorption coefficient corrected for
stimulated emission,
8rhv? 1

2 explhv/T,)—1

is 47 times the Planckian intensity. The last term on the right-hand side of Eq. (B.1) represents the Compton
energy exchange between electrons and radiation; o7 = 6.652 x 10725 cm? is the Thomson scattering cross-
section.

The Rosseland mean free path [z is defined as

B(v,T,) = (B.4)

o0

/ 1 oB(v, T;)
- dv
orne + ko(hv) 0T

lr =lg(p, T.,T,) = 2 — . (B.5)

oB(v, T,)
/ 737} dv

0

_ T R(x)dx
= / orne + ko(zT))’ (B.6)

It can be written as

where N .
v 15  z%*e ™™
— Rz)=———.
@)= g

When calculating [y, it is physically reasonable to include Compton scattering as an additive term in the
opacity. In our case, [g is assumed to be a function of two temperatures, T, and T;., while normally it is
evaluated as a function of one temperature T, = T, only. When just the values of [g(p, T,) are available, one
can take, as a first approximation, lg(p, T, T,) = lr(p,Te) for all T, # T.. In the system of basic DEIRA
equations, the radiative heat flux is written in the form

(B.7)

1 4
3¢lr VE, = 3case IRT3VT,; (B.8)
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accordingly, we define the coefficient of radiative heat conduction as
4
Iir=§caSBlRT3. (B.Q)

Next, define the radiation-matter temperature relaxation coefficient ., by writing

oo

(Te = T7) pXer = /’Z;a(hy) [B(v,Te) — B(v,T;)] dv + lor
0

ney - (T, —T,). (B.10)

From this we obtain

ha(h)B(, T.) dv — [ ka(h)B(v, T,) dv

dor ne 4 0
—_— T pr—
mecC p asmir ¥ p(Te —T)

Xer = Xer(paTeaTr) =

T4 Z‘o/;u(xTe)P(m) de — T ;fl%a(xTr)P(x) dz

4o Ne 4 casp
= — T B.11
meC p 4B Ly * P Te_Tr ’ ( )
where 5
15 z°e™®
Plr)=— ———. B.12
(0)= 0 (B.12)
The Planckian mean free path [p is defined as
| B(v,T.)dv 0o -1
Ip=1p(p,T.) = 5> = /Zza(zTe)P(x)dx : (B.13)
[ ka(hv)B(v, T.) dv 0
0

When we want to evaluate Xer(p,Te,T;-) by simply using known values of Ip(p,T,), we can take as a first
approximation

dor n casp T3
Xer = —F € qgp TH 4 =258 Ze | (B.14)
meC p p lp

When evaluating the absorption coefficient /%a(/w), we take into account free-free, free-bound, and bound-
bound transitions:

~ o~ 14 |~ ﬁmol ~ 14
ko (hv) = G4 (hv) A= Gpn(hv) + 72X, Grf(hv) Ama (B.15)

Here Gpp(hv) is the sum of the free-bound and bound-bound absorption cross-sections, ¢ (hv) is the cross-
section of free-free absorption by one average atom (ion) — both corrected for stimulated emission. When
calculating 6 (hv), we take into account the Fermi degeneracy of the ideal electron gas.

B.2 Basic formulae in the DEIRA units

In the DEIRA units ([t] = 107% s, [[] = 0.1 em, [m] = 1073 g, [T] = 1 keV) the basic formulae become
Ky = 54841 T2, (B.16)

A7 R(z) dx
Ip =16.6 = B.17
" P 0/ (2T,) + 0.6652Y Zmo/ (Z Xmot) (B.17)

_ e’} -1

A
lp=166" / G i (B.18)

0
T4 [ 64 (aT.)P(x) de — T [ 64(eT,)P(z) do
T 4113 € r

Xer = 1.200 T4 LEme! 5 _® 0 (B.19)

ZAmo 16.6 A T.— T,

Here the total absorption cross-section G,(hv) is in barns (10724 cm?); y is the degree of ionization in the
average ion model.
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B.3 General formulae for the absorption cross-section

We evaluate the absorption cross-section as

~ ~ ﬁmol ~
Ua(hl/) = Uph(hl/) + m O'ff(hV)7 (B20)

where Gy (hv) is the free-free absorption cross-section by an average ion with atomic number Z, atomic
mass A, and ionization degree y (positive charge +ye).

B.3.1 Bound-bound and bound-free transitions

First of all we notice that in the average ion approximation the ionization degree 0 < y < Z is not an integer.
We define an integer ¢ such that
i—1<y<i; 1=1,2,..., 7. (B.21)

We assume further that only two ion species, ¢ and 7 + 1, are present in plasma with fractional abundances
(i —y) and [1 — (¢ — y)], respectively; i = 1 corresponds to a neutral atom, i = Z — to a hydrogen-like ion.
Then

Gpn(hv) = (i = y) Gpni(hw) + [1 = (i = y)] pn,iv1 (hv). (B.22)

For the photoabsorption cross-section by ion i we adopt a simple approximation

2
1
2 3 7 (hl/> ) hl/ S I’i7
~ 5 [ €*/ag bi \ L;
Gph,i(hv) = a; a af X

I [<%)3+(bil) (’;”)]_1 ho > 1.

Here o = €2 /hc is the fine-structure constant, ag = R /mee? is the Bohr radius, I; is the ionization potential
of ion %, and a; and b; are dimensionless fitting constants. Note that the dependence & ; o v?at hv < I; is
close to the Thomas-Fermi asymptotical behavior o,; oc 7/ in the limit of small frequencies [26]. We set
the value of a; equal to

(B.23)

8rZ4

=4 3V3’
! 16724
i<Z-1

EXEREEA

to satisfy the Kramers asymptotical behavior for the photoabsorption by K-electrons in the limit hv >
e?Z?/ag. To determine the value of b;, we invoke the Thomas-Reiche-Kuhn sum rule

i = Z, H-like ion,
(B.24)
He-like and higher ions,

Oo& (hv)d _ e (Z+1—i B.25
ph,i (hv V_mec —1). (B.25)
0
This condition leads to the following equation for b;
F(b) = As, (B.26)

where

A = & /a0 (B.27)
2 Z+1—-0) \ I, ’ '

F(z) = (; + g ;nxl)_l . (B.28)

and the function F(x) is given by

This function is monotonously increasing from F(0) = 0 to F(oco) = oo. For H-like ions, which have
Iy = 1e?Z2/ag, we obtain
16

Az =—==0.32671, by =0.7495. B.29
e z (B.29)
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B.3.2 Free-free transitions

The cross-section of free-free absorption in a partially degenerate plasma, as derived in Ref. [5], is given by

2
- 16w (€/ag)” T 1+ exp(pe/Te)
h) = 2 er¢ 2 B.30
Uff( V) 3\/§0za0 (hl/)?’ n 1+ exp(pe/T. — hv/T,) <y >gff’ ( )
where . is the chemical potential of free electrons, g¢¢ is the Gaunt factor, and
) =(i—y) (-1 +[1—(i—y)]i* (B.31)

The chemical potential p. can be evaluated from the approximate formula

exp (“) ~ L exp(Br/T.) (B.32)

T.) 1437 (T.JEp)**
where )
h 2/3
Bp =5 (37 n.) / (B.33)

is the Fermi energy of free electrons. Formula (B.32) has the correct asymptotical behavior in both the
Fermi and Boltzmann limits; in the intermediate region its error does not exceed 6%. Even in the Born
approximation, the Gaunt factor gys cannot be reduced to elementary functions; here we use an approximate
expression from Ref. [5]

2
s M‘/ (1 +/1- (hu/2,ue)2)} : hv < 2(pe — 0.71T%),
grs = — X

0.71T,
" In [1 +2- (1 /Tt hu/o.ﬂTeﬂ . hv > 2(pe — 0.71T.).
14

For pie ~ T, ~ hv, the error of Eq. (B.34) may be as high as 20%, but in the Boltzmann limit exp(u./Te.) < 1
this error is below 5% over the entire frequency range.

(B.34)

B.4 Absorption cross-section in the DEIRA units

Having adopted the units [o] = 10724 cm? for the cross-sections, and [¢] = [hv] = [I;] = 1 keV for the photon
energies and ionization potentials, we obtain

~ ~ Z2mol ~
O'a(€) = O'ph(a) + m O'ff(E), (B35)
Gpn(€) = (i = Y)oph,i(€) + [1 = (i = y)|opn,i+1(e), (B.36)
2
l E ’ 3 S Iia
N a; bi \ I;
Gphi(e) = 4.1174 5 X 3 -1 (B.37)
; S 3
1 < L = > J.
[(L‘) + (b; 1)11‘] , e>1;,
a; = 4.8368 (2 — 6;7) Z*4, (B.38)
N AL — -5 @i
F(b;) = A; = 1.2504 x 10 PZ+1-0) (B.39)
X
F(x) 1 3T ona (B.40)
2x—1
N T, 1+ exp(pe/Te) 2
= 1463.7 =1 B.41
arr(e) 63.7 5 In T+ exp (o /T,) exp(—2/T0) W arss (B.41)
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W) =(-y) (-1 +[1-(i—y) (B.42)
2/te
In (1 ++1- (5/2ue)2> ) e < 2(pe —0.71Ty),
g5 = 0.55133 x ‘ T (B.43)
In [1 +2-= (1 +V/1+ 5/0.71Te>} . &> 2(ue — 0.71T,),
pe 1+ exp(Er/T.) Py Zmo \**
exp | — | = , Er =0.0260 ) (B.44)
Te TGS/2ZA 1 ZAmol
1+634.03———"=
pyZmol
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